Printed as: Technical Report 2000-45 of the Department of Mathematics and Computer Science, University of Leicester, 2000.

Towards a language theory for infinite N-free pomsets^∗

Dietrich Kuske Department of Mathematics and Computer Science University of Leicester LEICESTER LE1 7RH, UK email: D.Kuske@mcs.le.ac.uk

Abstract

N-free or series-parallel pomsets are a model for the behavior of modularly constructed concurrent systems. The investigation of languages of finite N-free pomsets was initiated by Lodaya & Weil who extended the theorems by Kleene and by Myhill & Nerode on recognizable word languages to this setting. In this paper, we extend Lodaya & Weil’s results to infinite N-free pomsets and generalize Büchi’s theorem. Furthermore, we investigate first-order definable, starfree, and aperiodic sets of infinite Nfree pomsets and prove results in the spirit of McNaughton & Papert’s and Schützenberger’s theorems for finite words.

1 Introduction

In theoretical computer science, the notion of a recognizable subset of a monoid and more generally of an algebra is of outstanding importance. Here, recognizability means to be recognized by a homomorphism into a finite algebra. Seen as subset of an algebra, recognizable sets can often be described by certain rational expressions.

∗Some of the results presented here appeared in the extended abstracts [Kus00, Kus01]. They were obtained while the author worked at the Technische Universiät Dresden.

Frequently, this algebraic notion is equivalent to the more combinatorial notion of regularity, i.e. acceptance by a finite automaton. Furthermore, the elements of the algebra in consideration can carry an internal structure. For instance, words can be seen as labeled linear orders, terms as labeled ordered trees, Mazurkiewicz traces as dependence graphs etc. If such an internal structure is present, it is natural to consider sets of such structures that share a typical property. Classical results state that properties expressed in monadic second order logic give rise to recognizable sets. This holds for words, terms, Mazurkiewicz traces, computations of stably concurrent automata, local traces, graphs of bounded tree width, and many others. If one restricts the expressibility of the logic, e.g. to first order logic, corresponding restrictions of the set of recognizable sets can be described.

In this paper, we carry out this program for N-free (or series-parallel) pomsets. They were introduced into theoretical computer science to model the behavior of modularly constructed concurrent systems [Sta81, Gra81, Pra86]. Gischer [Gis88] showed that the equational theory of the set of N-free pomsets with sequential and parallel product is finitely based. In his paper, one also finds a proof that a finite pomset is N-free iff it is constructed from singletons by sequential and parallel product. Bloom & Ésik [BÉ98] gave an order-theoretic characterization of those pomsets that can be constructed by sequential and parallel product and sequential ω-power. A similar result was shown by Ésik & Okawa [ÉO99] if one in addition allows the parallel ω-power. We will consider the set of pomsets that can be constructed from the singletons by sequential and parallel iteration and by the infinite product. It will be shown that these are precisely those at most countable pomsets that do not embed the N-shaped poset, where any principal ideal is finite, and that contain only finite antichains.

The investigation of languages of finite N-free pomsets was initiated by Lodaya & Weil [LW98, LW00b, LW00a]. In particular, they defined branching automata, an extension of finite automata that can accept finite N-free pomsets. Lodaya & Weil showed that a set of finite N-free pomsets (1) can be accepted by a finite branching automaton of bounded depth iff (2) it can be constructed from the singletons by the sequential and parallel product, the union, and the sequential iteration iff (3) it is width-bounded and recognizable by a homomorphism into a finite algebra [LW98, LW00b].

Inspired by the corresponding notion for ω-languages of words, we define when a set of infinite N-free pomsets is ω-recognizable or saturated by a homomorphism into a finite algebra. Furthermore, we extend branching automata to branching Büchi-automata that can accept infinite N-free pomsets. Relating these notions, we show that the following are equivalent for a set of infinite N-free pomsets X of bounded width:

1.1. X is ω-recognizable,

1.2. X is definable in monadic second order logic,

1.3. X is ω-series-rational, i.e. constructed from the singletons by sequential and parallel product, sequential iteration and ω-iteration, and union, and

1.4. X is accepted by a finite branching Büchi-automaton.

These equivalences extend Büchi’s and Kleene’s results on infinite words to the realm of infinite N-free pomsets. For finite N-free pomsets, the equivalence of 1.1, 1.3 and 1.4 was already shown by Lodaya & Weil in [LW00b]. But the restriction of the first equivalence to finite N-free pomsets as well as the other equivalences for inifinite N-free pomsets are new. These results show that one can generalize the classical results on recognizable ω-languages of words to infinite N-free pomsets.

The restriction of monadic second order logic to first order (or elementary) logic has been considered for finite and infinite words as well. It was shown that a set of finite words is starfree iff it is aperiodic iff it can be defined by a sentence of elementary logic [Sch65, MP71]. These equivalences were extended to ω-words by Ladner [Lad77], Thomas [Tho79, Tho81] and Perrin [Per84]. Here, we also consider sets of N-free pomsets defined by a sentence from elementary logic. We show that the following statements are equivalent for a set of finite N-free pomsets X of bounded width:

2.1. X is aperiodic (i.e. recognized by a homomorphism into a finite sp-algebra with aperiodic sequential product),

2.2. X is definable in elementary logic, and

2.3. X is starfree, i.e. constructed from the singletons by sequential and parallel product, and Boolean operations.

These equivalences extend the results by Schützenberger [Sch65] and McNaughton & Papert [MP71] from finite words to finite N-free pomsets. Finally, we also get these equivalence for sets of infinite N-free pomsets.

In general, the equivalences mentioned above do not hold for sets of N-free pomsets of unbounded width. In particular, the implications 1.1→1.2, 1.1→1.3, 2.1→2.2, and 2.1→2.3 become false in general (cf. Example 5.4). But we show that the implications 1.2→1.1 and 2.3→2.2→2.1 hold for unbounded sets as well.

2 Basic definitions

2.1 Order theory

In this paper, any partially ordered set is assumed to be nonempty. Let (V, ≤) be a partially ordered set. We write x ‖ y for elements x, y ∈ V if they are incomparable. A set A ⊆ V is an antichain provided the elements of A are mutually incomparable. The width of the partially ordered set (V, ≤) is the least cardinal w(V, ≤) such that |A| ≤ w(V, ≤) for any antichain A. If w(V, ≤) is a natural number, we say (V, ≤) has finite width. Note that there exist partially ordered sets that contain only finite antichains, but have infinite width. ↓y denotes the principal ideal {x ∈ V | x ≤ y} generated by y ∈ V .

An N-free poset (V, ≤) is a nonempty, at most countably infinite partially ordered set such that the partially ordered set (N, ≤_N ) cannot be embedded into (V, ≤) (cf. picture below), any antichain in (V, ≤) is finite, and ↓x is finite for any x ∈ V . We fix an alphabet Γ, i.e. a nonempty finite set. Then NF^∞ denotes the set of all Γ-labeled N-free posets (V, ≤, λ). These labeled posets are called N-free pomsets. Let NF denote the set of finite N-free pomsets over Γ.

x_1 x_2

x_3 x_4

The poset (N, ≤_N )

Next, we define the sequential and the parallel product of Γ-labeled posets: Let p_1 = (V_1, ≤_1, λ_1) and p_2 = (V_2, ≤_2, λ_2) be Γ-labeled posets with V_1 ∩ V_2 = ∅. The sequential product p_1 · p_2 of p_1 and p_2 is the Γ-labeled partial order

(V_1 ∪ V_2, ≤_1 ∪V_1 × V_2∪ ≤_2, λ_1 ∪ λ_2).

Thus, in p_1 · p_2, the labeled poset p_2 is put on top of the labeled poset p_1. On the contrary, the parallel product p_1 ‖ p_2 is defined to be

(V_1 ∪ V_2, ≤_1 ∪ ≤_2, λ_1 ∪ λ_2),

i.e. here the two partial orders are set side by side. By SP, we denote the least class of Γ-labeled posets containing the singletons that is closed under the application of the sequential product · and the parallel product ‖.

To construct infinite labeled posets, we extend the sequential product · naturally to an infinite one as follows: For i ∈ ω, let p_i = (V_i, ≤_i, λ_i) be mutually disjoint Γ-labeled posets. Then the infinite sequential product is defined by ∏ i∈ω p_i = ( ⋃ i∈ω V_i, ⋃ i∈ω ≤_i ∪ ⋃ i,j∈ω i<j V_i × V_j, ⋃ i∈ω λ_i).

By SP^∞, we denote the least class C of Γ-labeled posets such that

• SP ⊆ C,

• p_1, p_2 ∈ C implies p_1 ‖ p_2 ∈ C,

• p_1, p_2 ∈ C and p_1 finite imply p_1 · p_2 ∈ C, and

• p_i ∈ C finite for i ∈ ω implies ∏ i∈ω p_i ∈ C. Thus, a Γ-labeled poset belongs to SP^∞ if it can be constructed from the finite Γ-labeled N-free posets applying the sequential product, the parallel product or the infinite product.

Bloom & Ésik characterize the pomsets that can be constructed by the sequential and parallel product and by the sequential ω-power [BÉ98, Thm. 4.5]: A pomset can be constructed in this way iff (N, ≤_N ) cannot be embedded into it, any principal ideal is finite and there are only finitely many non-isomorphic filter (i.e. if it satisfies the generalized N-condition). Note that any such pomset contains only finite antichains: If {a_1, a_2, . . . } is an infinite antichain, then the filters generated by {a_1, a_2, . . . , a_n} are mutually non-isomorphic. Actually, in the proofs of [BÉ98, Lemma 4.6-4.10], only this weaker condition is used. Therefore, the proof of the following lemma can be taken verbatim from [BÉ98].

Lemma 2.1 ([BÉ98, Lemma 4.10]) Let p ∈ NF^∞ be connected and infinite. Then precisely one of the following statements holds:

1. p is an infinite product of finite N-free pomsets, or

2. there exists a finite N-free pomset p_0 and finitely many connected N-free pomsets p_1, p_2, . . . , p_n for some n > 1 such that p = p_0 · (p_1 ‖ p_2 ‖ · · · p_n).

Based on this result, we now extend the known equality SP = NF [Gis88] to infinite Γ-labeled posets.

Lemma 2.2 Let Γ be an alphabet. Then SP^∞ = NF^∞.

Proof. Let p_1 and p_2 be N-free pomsets. Recall that the left factor in a sequential product is always finite. Hence any principal ideal in p_1 · p_2 is finite. Furthermore, any antichain in p_1 · p_2 lies entirely in p_1 or in p_2. Hence one gets similarly to [Gis88] that the sequential product of N-free pomsets is N-free, again. Similarly, as any factor in an infinite sequential product is finite, an infinite sequential product is N-free. As the parallel product of two N-free pomsets is their disjoint union, any of its principal ideals is finite. Furthermore, any antichain in p_1 ‖ p_2 is the union of two antichains in p_1 and in p_2. As these two antichains are finite, so is their union. Thus, the parallel product is N-free, again. This proves the inclusion SP^∞ ⊆ NF^∞.

For the converse inclusion, let p ∈ NF^∞. If p is not connected, it is a finite parallel product since p does not contain infinite antichains. So, from now on we may assume that p is connected. By Lemma 2.1, either p is an infinite sequential product of finite N-free pomsets, or there exist p_0 ∈ NF and connected pomsets p_1, p_2, . . . , p_n ∈ NF^∞ \ {∅} with p = p_0 · (p_1 ‖ p_2 ‖ · · · p_n). In the first case, we are done since any finite N-free pomset is an element of SP [Gis88]. In the second case, we proceed inductively with p_1, p_2, . . . , p_n. It remains to prove that this inductive decomposition eventually terminates: By contradiction, assume p = p_0, p_1, p_2, . . . is an infinite sequence of connected N-free pomsets such that for any i > 0, there exist q_i ∈ NF and p^′_i ∈ NF^∞ with p_i = q_{i+1} · (p_{i+1} ‖ p^′_{i+1}). Let v_i be some node from p^′_i. Note that v_i for i > 0 is a node from p^′_i and v_j for j > i belongs to p_i. Hence the nodes v_i are mutually incomparable nodes of p = p_0 which contradicts our assumption that p contains only finite antichains. Hence, indeed, NF^∞ ⊆ SP^∞. ⊓⊔

2.2 Languages of N-free pomsets

In this section, we define several classes of languages of N-free pomsets. First, the generalizations of rational, starfree, ω-rational, and ω-starfree languages are introduced:

The sequential, the parallel and the infinite sequential products can easily be extended to sets of (finite) N-free pomsets as follows: Let L ⊆ NF and L^′, M^′ ⊆

NF^∞. Then we define L · M^′ := {p · q | p ∈ L, q ∈ M^′}, L^′ ‖ M^′ := {p ‖ q | p ∈ L^′, q ∈ M^′}, L^+ := {p_1 · p_2 · · · p_n | n > 0, p_i ∈ L}, and L^ω := { ∏ i∈ω p_i | p_i ∈ L}. The class of series-rational languages [LW98, LW00b] is the least class C of subsets of NF such that

• {p} ∈ C for p ∈ NF, and • L ∪ M, L · M, L ‖ M, L^+ ∈ C for L, M ∈ C. Note that we do not allow the iteration of the parallel product in the construction of series-rational languages. Therefore, for any series-rational language L there exists an n ∈ ω with w(p) ≤ n for any p ∈ L, i.e. any series-rational language is width-bounded.

The class of starfree languages is the least class C of subsets of NF such that

• {p} ∈ C for p ∈ NF, and • L ∪ M, L · M, L ‖ M, NF \ L ∈ C for L, M ∈ C. Differently from series-rational languages, a starfree language is in general not width-bounded since, e.g., NF is starfree.

The class of ω-series-rational languages is the least class C of subsets of NF^∞ such that • {p} ∈ C for p ∈ NF, • L ∪ M, L ‖ M ∈ C for L, M ∈ C, and • L^+, L^ω, L · M ∈ C for L, M ∈ C and L ⊆ NF.

For the same reason as for series-rational languages, any ω-series-rational language is width-bounded. It is easily seen that the series-rational languages are precisely those ω-series-rational languages that contain only finite labeled posets.

The class of ω-starfree languages is the least class C of subsets of NF^∞ such that

• L ∈ C if L ⊆ NF is starfree, • L ∪ M, L ‖ M ∈ C for L, M ∈ C, and • L · M, NF^∞ \ M ∈ C for L, M ∈ C and L ⊆ NF.

Next, we want to define when a language of N-free pomsets is recognizable. Let S be a set that is equipped with two binary operations · and ‖. We assume these two operations to be associative and, in addition, ‖ to be commutative. Then (S, ·, ‖) is an sp-algebra [LW00b]. Note that the set of finite N-free pomsets is an sp-algebra. An sp-algebra (S, ·, ‖) is aperiodic if there exists n ∈ N such that s^n = s^{n+1} for any s ∈ S where s^n is the n-fold sequential product of s. Mappings between sp-algebras that commute with the two products will be called sp-homomorphisms.

A set X of finite N-free pomsets is recognizable (aperiodic, resp.) if there exists a finite (and aperiodic, resp.) sp-algebra (S, ·, ‖) and an sp-homomorphism η : NF → S such that X = η^{−1}η(X). In [LW98, LW00b] Lodaya & Weil showed, e.g.,. that a set of finite N-free pomsets is series-rational iff it is recognizable and width-bounded.

Recall that a set of infinite words L ⊆ Γ^ω is Büchi-recognizable if there exists a finite semigroup (S, ⋆) and a semigroup homomorphism η : Γ^+ → (S, ⋆) such that for any u_i, v_i ∈ Γ^+ with η(u_i) = η(v_i) for i ∈ ω, we have u_0u_1u_2 · · · ∈ L if and only if v_0v_1v_2 · · · ∈ L (cf. [PP99]). Here, we use this characterization as a definition and transfer it into the realm of N-free pomsets:

Let X be a set of variables that will range over elements of NF. We call the terms over · and ‖ that contain variables in X finite terms. Now let t_i be finite terms for i ∈ ω. Then ∏ i∈ω t_i is a term and any finite term is a term. Furthermore, if t is a finite term and t_i are terms for 1 ≤ i ≤ n, then t · t_1 and t_1 ‖ t_2 ‖ · · · t_n are terms, too. Now let f : X → NF. Then f(t) is defined naturally for any term t. Let L ⊆ NF^∞ and let η : (NF, ·, ‖) → (S, ·, ‖) be an sp-homomorphism into a finite sp-algebra. Then η recognizes L iff for any term t and any mappings f, g : X → NF with η ∘ f = η ∘ g, we have f(t) ∈ L if and only if g(t) ∈ L. In this case, we will say that L is ω-recognizable. Furthermore, L is ω-aperiodic if it is recognized by an sp-homomorphism into a finite aperiodic sp-algebra.

One can easily check that L ⊆ NF is recognizable if and only if it is ωrecognizable (and that the same holds for the notions aperiodic and and ω-aperiodic): First, let L = η^{−1}η(L). Furthermore, let f, g : X → NF with η ∘f = η ∘g and let t be a term with f(t) ∈ L. Since L consists of finite pomsets, only, t is a finite term (recall that we excluded the empty pomset from our consideration). Since η is an sp-homomorphism, we get η(f(t)) = η(g(t)) and therefore g(t) ∈ η^{−1}η(L) = L. Hence L is ω-recognizable. Conversely, let L be ω-recognizable and let η be an sphomomorphism that recognizes L. Suppose p ∈ L and q ∈ NF with η(p) = η(q). Define two functions f, g : X → NF by f(x) = p and g(x) = q for any x ∈ X. Then, of course, η ∘ f = η ∘ g. Since x is a term and η recognizes L, this implies q = g(x) ∈ L. Thus, L is recognizable.

2.3 Monadic second order logic

In this section, we will define monadic second order formulas and their interpretations over Γ-labeled pomsets. Monadic formulas involve first order variables x, y, z . . . for vertices and monadic second order variables X, Y, Z, . . . for sets of vertices. They are built up from the atomic formulas λ(x) = a for a ∈ Γ, x ≤ y, and x ∈ X by means of the boolean connectives ¬, ∨, ∧, →, ↔ and quantifiers ∃, ∀ (both for first order and for second order variables). Formulas without free variables are called sentences. The satisfaction relation |= between Γ-labeled posets p = (V, ≤, λ) and monadic sentences φ is defined canonically with the understanding that first order variables range over the vertices of V and second order variables over subsets of V .

Let C be a set of Γ-labeled posets and φ a monadic sentence. Furthermore, let L = {p ∈ C | p |= φ} denote the set of posets from C that satisfy φ. Then we say that the sentence φ axiomatizes the set L relative to C or that L is monadically axiomatizable relative to C.

An elementary formula is a monadic formula that does not contain any set variable. A set X ⊆ C is elementarily axiomatizable relative to C if there exists an elementary sentence that axiomatizes X relative to C.

Lemma 2.3 An N-free pomset from NF^∞ is finite iff it satisfies φ = ∀x∃y(x ≤ y ∧ ∀z(y ≤ z → y = z)), i.e. NF is elementary axiomatizable relative to NF^∞.

Proof. If p = (V, ≤, λ) is finite, then any node x is dominated by a maximal node, so p |= φ. Converselly let p |= φ for some p = (V, ≤, λ) ∈ NF^∞. Since antichains in p are finite, there are only finitely many maximal nodes in (V, ≤). Each of these maximal nodes dominates only finitely many nodes. Since p satisfies φ, any node x is dominated by some maximal node. Thus, indeed, V is finite. ⊓⊔

The quantifier depth of a monadic formula is defined canonically. For a Γlabeled partial order s and a positive integer k, let MTh_k(s) denote the set of all monadic sentences φ of quantifier depth at most k that are satisfied by s. The set MTh_k(s) is the k-bounded monadic theory of s. Analogously, the k-bounded elementary theory Th_k(s) comprises all elementary sentences in MTh_k(s). By MTH_k and TH_k, we denote the set of all k-bounded monadic and elementary theories of finite N-free pomsets. Up to logical equivalence, there are only finitely many monadic sentences of quantifier depth at most k; hence the set of k-bounded monadic theories is finite (and the same holds for the elementary theories).

3 From rational to axiomatizable sets

In this section, we will show that (ω-)series-rational sets are monadically axiomatizable relative to NF^∞ (to NF, resp.). Furthermore, we show a similar relation between ω-starfree and elementarily axiomatizable sets.

Let p = (V, ≤, λ) be some N-free pomset and X ⊆ V . Since any antichain and any principal ideal in p is finite, the set X is finite if and only if it is bounded by an antichain. Hence the formula ∃A∀a, b, x(((a, b ∈ A ∧ a ≤ b) → b ≤ a) ∧ (x ∈ X → ∃c : (c ∈ A ∧ x ≤ c))) expresses that the set X is finite. We denote this formula, that will be useful in the following proof, by finite(X).

Lemma 3.1 Let X ⊆ NF^∞ be (ω-)series-rational. Then X is monadically axiomatizable relative to NF (to NF^∞, resp.).

Proof. Any set {p} with p finite can be monadically axiomatized. Now let L and M be two sets of N-free pomsets axiomatized by the monadic sentences σ and τ, respectively. Then L ∪ M is axiomatized by σ ∨ τ. The set S ‖ T consists of all N-free pomsets satisfying ∃X(X ≠ ∅ ∧ X^{co} ≠ ∅ ∧ ∀x∀y(x ∈ X ∧ y ∉ X → x ‖ y) ∧ σ ↾ X ∧ τ ↾ X^{co}) where σ ↾ X is the restriction of σ to the set X and τ ↾ X^{co} that of τ to the complement of X. The sequential product can be dealt with similarly.

Next we show that L^+ can be described by a monadic sentence: The idea of a sentence axiomatizing L^+ is to color the vertices of an N-free pomset p by two colors such that the coloring corresponds to a factorization in factors p = p_1 · p_2 · p_3 · · · p_n where every factor p_i belongs to L. The identification of the Lfactors will be provided by the property of being a maximal convex one-colored set. More formally, we define the sentence φ to be

σ ∨ ∃X∃Y (φ_1 ∧ φ_X ∧ φ_Y ∧ finite(X) ∧ finite(Y ))

where φ_1 asserts that X and Y form a partition of the set of vertices such that vertices from X and from Y are mutually comparable. The formula φ_X states that the maximal subsets of X that are convex satisfy σ, i.e. φ_X = ∀Z [( Z ⊆ X ∧ Z is convex ∧ Z ≠ ∅∧ ∀Z^′(Z ⊆ Z^′ ⊆ X ∧ Z^′ is convex → Z = Z^′) ) → σ ↾ Z ]

and the formula φ_Y is defined similarly with Y taking the place of X. Asserting that the sets X and Y are finite ensures that the sentence φ is satisfied by finite Nfree pomsets, only. Since the nodes from X and from Y are mutually comparable by φ_1, a pomset satisfying φ is the sequential product of the convex factors determined by the partition (X, Y ). Hence we get indeed that φ axiomatizes L^+. This finishes the proof of the first statement. Since we can axiomatize L^ω similarly to L^+, the second statement follows as well. ⊓⊔

Next we will show that starfree sets of N-free pomsets are elementary axiomatizable. This can be shown by induction on the construction of a starfree set from the singletons {p} for p ∈ NF. The only nontrivial step is the parallel product. To handle it, we first define some more notions: Let t = (V, ≤, λ) be an N-free pomset. The distance d(x, y) between two nodes x and y of V is the least number n such that there are x = x_0, x_1, . . . , x_n = y in V with x_i, x_{i+1} comparable. Let r be some positive integer and x ∈ V . The r-sphere around x is the restriction of t to those elements y whose distance from x is at most r. If x and y belong to different connected components of t, their distance is ∞. If they happen to lie in the same connected component, they are bounded from above or from below (since t is N-free). Hence their distance is at most 2. In other words, the only spheres of finite radius around x are (1) the set {x}, (2) the elements comparable with x, or (3) the connected component containing x.

Now let φ be some elementary sentence. By Gaifman’s Theorem [Gai82] (cf. also [EF91]), there exists a positive integer r such that φ is equivalent to a Boolean combination of sentences of the form ∃x_1∃x_2 . . . ∃x_n(d(x_i, x_j ) > 2r ∧ ⋀ i=1,...n δ(x_i)) where δ(x) depends on the r-sphere around x, only. Above, we observed that r can be bounded by 2. Hence, we can w.l.o.g. assume r = 2. Therefore, any elementary sentence φ is equivalent to a Boolean combination of statements of the form

“there are ≥ n connected components C ⊆ V with Th_k(C, ≤, λ) = T ”

for some bounded theory T ∈ TH_k. This will be used in the following proof.

Lemma 3.2 Let φ_1 and φ_2 be elementary sentences. Then there exists an elementary sentence φ such that p |= φ iff there exist p_i ∈ NF^∞ with p_i |= φ_i and p = p_1 ‖ p_2 for any p ∈ NF^∞.

Proof. Above, we saw that any elementary sentence is equivalent to a Boolean combination of statements of the form “there are ≤ n connected components C ⊆ V with Th_k(C, ≤, λ) = T ” (∗) for some bounded theory T ∈ TH_k.

Let t = (V, ≤, λ) ∈ NF and x, y ∈ V . Then x and y lie in the same connected component of t iff they are bounded from above or from below. Hence the statements of the form (∗) are expressible by an elementary sentence ψ(n, k, T ). Note that ψ(n, k, T ) is equivalent to a finite disjunction of sentences ψ(n, k + 1, T^′). Since in our consideration, only finitely many formulas ψ(n, k, T ) will occur, we can assume that all of them use the same argument k. Hence we can omit it from now on and write ψ(n, T ) instead of ψ(n, k, T ).

Thus, for any sentence φ, there exists a Boolean combination ψ of sentences ψ(n, T ) such that p |= φ iff p |= ψ for any N-free pomset t ∈ NF^∞. The sentence δ = ⋀ P ψ(n, T ) ∧ ⋀ N ¬ψ(n, T ) (∗∗) is a particularly simple such Boolean combination where the two conjunctions run over finite subsets P and N of N × TH_k. We say that ψ(n, T ) occurs positively (negatively, resp.) in δ if (n, T ) ∈ P ((n, T ) ∈ N, resp.) Let δ_1 and δ_2 be two conjunctions of the form (∗∗). Then we define a new such formula δ as the conjunction of the following formulas (where T ∈ TH_k and n_1, n_2 ∈ N):

ψ(n_1 + n_2, T ) if ψ(n_1, T ) occurs positively in δ_1 and ψ(n_2, T ) occurs positively in δ_2, ψ(n_i, T ) if ψ(n_i, T ) occurs positively in δ_i (for i = 1, 2), and ¬ψ(n_1 + n_2 − 1, T ) if ψ(n_1, T ) occurs negatively in δ_1 and ψ(n_2, T ) occurs negatively in δ_2.

Let p be a N-free pomset satisfying δ. Now we can divide the connected components of p into p_1 and p_2 in the following way: Suppose ψ(n_i, T ) occurs positively in δ_i. Then p satisfies ψ(n_1 +n_2, T ), i.e. it contains at least n_1 +n_2 connected components whose k-bounded theory is T . Then n_1 of these components become part of p_1 and the remaining ones of p_2. If ψ(n_1, T ) occurs positively in δ_1 and ψ(n_2, T ) negatively in δ_2, the N-free pomset p satisfies ψ(n_1, T ). All the connected components whose k-bounded theories are T become part of p_1. Now suppose ψ(n_i, T ) occurs negatively in δ_i. Then p contains at most n_1 + n_2 − 2 connected components with theory T . In this case, we place n_1 −1 of them into p_1 and the remaining ones into p_2. Any connected component of p whose k-bounded theory is not mentioned in δ becomes part of p_1. This way we obtain two N-free pomsets p_1 and p_2 with p_i |= δ_i. Since p_1 and p_2 are a division of the connected components of p, their disjoint union equals p, i.e. p_1 ‖ p_2 = p.

Converselly let p_i ∈ NF^∞ with p_i |= δ_i and let p = p_1 ‖ p_2. Suppose ψ(n_i, T ) occurs positively in δ_i. Then p_i contains at least n_i connected components whose k-bounded elementary theory is T . Hence p contains at least n_1 + n_2 such connected components, i.e. p |= ψ(n_1 +n_2, T ). If ψ(n_1, T ) occurs positively in δ_1 and ψ(n_2, T ) negatively in δ_2, there are at least n_1 connected components of p_1 whose k-bounded elementary theory is T . Hence p has at least n_1 such connected components, i.e. p |= ψ(n_1, T ). Now suppose ψ(n_i, T ) occurs negatively in δ_i. Then p_i contains at most n_i − 1 connected components with theory T . Hence there are at most n_1 + n_2 − 2 such connected components in p, i.e. p |= ψ(n_1 + n_2 − 2, T ).

Thus, we showed the statement of the lemma for sentences φ_i of the form (∗∗). In general, one can write φ_i as disjunction of conjunctions of the above form (∗∗). Combining any pair of disjuncts from φ_1 and φ_2 in the above described manner, we obtain the desired sentence φ. ⊓⊔

Theorem 3.3 Let X ⊆ NF^∞ be (ω-)starfree. Then X is elementary axiomatizable relative to NF (to NF^∞, resp.).

Proof. As usual, this can be shown by induction on the construction of starfree sets.

The base case is trivial since any finite N-free pomset can be described completely by an elementary sentence. The Boolean operations are easily dealt with. Now let X_i ⊆ NF be axiomatized by φ_i for i = 1, 2. Then X_1 · X_2 is axiomatized by ∃y(ψ∧φ^′_1 ∧φ^′_2) where φ^′_1 is the relativisation of φ_1 to the elements below y and φ^′_2 is the relativisation of φ_2 to the elements not below y. Furthermore, ψ states that any element y below x is below any element z not below x. Furthermore, X_1 ‖ X_2 can be elementarily axiomatized by Lemma 3.2. ⊓⊔

4 From axiomatizable to recognizable sets

In this section, we will show that any set of N-free pomsets that is axiomatized in monadic second order logic (elementary logic, resp.) is ω-recognizable (ωstarfree). Since by Lemma 2.3 the finite N-free pomsets can be elementarily axiomatized relative to NF^∞, the corresponding results hold for finite N-free pomsets as well. The first ingredient in the proof is the fact that the mapping MTh_k from NF to the finite set MTH_k can be seen as an sp-homomorphism. Even more, it is also a homomorphism with respect to the infinite sequential product ∏ and the same holds for the mapping Th_k:

Theorem 4.1 Let k ∈ ω and let p_ℓ and q_ℓ be N-free pomsets for ℓ ∈ ω.

1. Suppose MTh_k(p_ℓ) = MTh_k(q_ℓ) for ℓ ∈ omega. Then MTh_k(p_1 ‖ p_2) = MTh_k(q_1 ‖ q_2).

If in addition p_1 is finite, then MTh_k(p_1 · p_2) = MTh_k(q_1 · q_2). If all p_i are finite, then MTh_k( ∏ p_i) = MTh_k( ∏ q_1).

2. Suppose Th_k(p_ℓ) = Th_k(q_ℓ) for ℓ ∈ N.

Then Th_k(p_1 ‖ p_2) = Th_k(q_1 ‖ q_2).

If in addition p_1 is finite, then Th_k(p_1 · p_2) = Th_k(q_1 · q_2). If all p_i are finite, then Th_k( ∏ p_i) = Th_k( ∏ q_1).

All our operations sequential product ·, parallel product ‖, and infinite sequential product ∏ are special cases of the generalized sum as considered by Shelah [She75]. The preceding theorem follows from his result [She75, Thm. 2.4]. A condensed proof of Shelah’s result can be found in [Gur79], for lexicographic sums of linear orders, [Tho97] contains the full proof. In the terminology of [CM00], the first statements say that the sequential and the parallel product are Hintikka operations. These results can also be derived from [CM00] on quantifier free definable operations. Shelah is also interested in the effective computability of the combined theory from the argument theories. If one is only interested in the result as stated above, an alternative and much simpler proof of both statements can be given using Ehrenfeucht-Fraïssé-games for the respective logics:

Proof. We show that Th_k(p_i) = Th_k(q_i) for i ∈ ω implies Th_k( ∏ p_i) = Th_k( ∏ q_i) using Ehrenfeucht-Fraïssé-games, see [EF91, p. 16 ff.] for an introduction. Following the notation in [EF91], we write G_k(p, q) to denote the game on the structures p and q with k rounds.

By the requirements on p_ℓ and q_ℓ, Duplicator has a winning strategy for the game G_k(p_ℓ, q_ℓ) for ℓ ∈ ω. A winning strategy for G_k( ∏ p_ℓ, ∏ q_ℓ) is described as follows:

The first rule is that, if Spoiler plays a position x in the ℓ-th factor of ∏ p_ℓ, then Duplicator chooses a position y in the ℓ-th factor of ∏ q_ℓ.

To explain which y to choose, suppose in the first i < k rounds, Spoiler and Duplicator played (x_n, y_n)_{1≤n≤i}. Now, in round i + 1, Spoiler chooses a position x in the factor p_ℓ of ∏ p_ℓ. Let 1 ≤ i_1 < i_2 < · · · < i_m ≤ i be those indices for which x_{ij} belongs to the factor p_ℓ. Since Duplicator always plays according to the strategy we are describing (first rule), y_{ij} belongs to q_ℓ for all these indices. Hence (x_{ij} , y_{ij} )_{1≤j≤m} is the result of m rounds of the game G_k(p_ℓ, q_ℓ) and Duplicator’s winning strategy for this game tells him how to answer to Spoiler’s move x.

Let (x_ℓ, y_ℓ)_{1≤ℓ≤k} be the outcome of this game when played according to the strategy described above. Since y_i is chosen according to the winning strategy for the game G_k(p_ℓ, q_ℓ), we obtain λ(x_i) = λ(y_i). Now suppose x_r ≤ x_s in ∏ p_ℓ. Suppose x_r and x_s belong to the same factor p_ℓ. Since y_r and y_s are chosen according to the winning strategy for G_k(p_ℓ, q_ℓ), we obtain y_r ≤ y_s. Now suppose that x_r and x_s belong to factors p_i and p_j with i ≠ j. Since x_r ≤ x_s, this implies i < j. Then y_r and y_s are choosen in q_i and q_j. Hence y_r ≤ y_s.

The statements on the first order theories of the parallel and the sequential product are shown similarly. Allowing in addition moves in which sets are chosen, the first statement on monadic theories can also be shown along the lines of the above proof. ⊓⊔

Theorem 4.2 Let φ a monadic second order sentence. Then X = {p ∈ NF^∞ | p |= φ} is ω-recognizable.

Proof. Let k be the quantifier depth of φ. Recall that MTH_k is the set of k-bounded monadic theories of finite N-free pomsets. By Theorem 4.1, this set can be endowed with two operations ·, ‖: (MTH_k)^2 → MTH_k such that MTh_k : NF → MTH_k becomes an sp-homomorphism. We show that this sphomomorphism ω-recognizes X: Let f, g : X → NF be two mappings with MTh_k ∘ f = MTh_k ∘ g. Then, using Theorem 4.1, one can easily show by induction on the construction of terms that MTh_k(f(t)) = MTh_k(g(t)) for any term t. Hence f(t) |= φ iff φ ∈ MTh_k(f(t)) iff g(t) |= φ. ⊓⊔

Let φ be an elementary sentence. Then by the above theorem the set of Nfree pomsets L satisfying φ is recognized by the homomorphism MTh_k. Using the second statement from Theorem 4.1 on elementary sentences, one obtains immediately that L can be accepted by the homomorphism Th_k into the sp-algebra TH_k of k-bounded elementary theories. To show that L is aperiodic, it therefore suffices to show that TH_k is an aperiodic sp-algebra.

We start with the definition of the lexicographic sum of a finite linear order ({1, 2, . . . n}, ≤) and a finite N-free pomset p = (V, ⊑, λ): Let V^′ = {1, 2, . . . , n+ 1} × V and define λ^′(i, v) = λ(v). Furthermore, (i, v) ⊑^′ (j, w) iff i ≤ j or if i = j and v ⊑ w. Note that the lexicographic sum (V^′, ⊑^′, λ^′) of ({1, 2, . . . , n}, ≤) and p is the n-fold sequential product of p; therefore, we denote it by p^n. Now let k ∈ N. By Shelah’s composition theorem (cf. [She75, Thm. 2.4]), there is ℓ ∈ N with the following properties: If m, n ∈ N are such that the linear orders on m and n vertices have the same ℓ-bounded theories, then Th_k(p^m) = Th_k(p^n). By [Lad77, Lemma 4.4], the elementary theories of the linear orders on 2^ℓ − 1 and on 2^ℓ points have the same ℓ-bounded elementary theories. Hence Th_k(p^{2ℓ−1}) = Th_k(p^{2ℓ} ) for any p ∈ NF. Since Th_k : NF → TH_k is a surjective sp-homomorphism, this implies that the sp-algebra (TH_k, ·, ‖) is aperiodic. Hence we obtain

Theorem 4.3 Let φ an elementary sentence. Then X = {p ∈ NF^∞ | p |= φ} is ω-aperiodic.

5 From recognizable to rational sets

5.1 Simple terms

First, we show that any ω-recognizable set of N-free pomsets of finite width is of a special form (cf. Proposition 5.3) that is defined using the notion of a simple term.

Let (S, ·, ‖) be an sp-algebra. Then a pair (α, β) ∈ S^2 is linked if α · β = α and β · β = β. A simple term of order 1 is an element of S or a linked pair (α, β). Now let n > 1, σ_i for i = 1, 2, . . . n be simple terms of order n_i, and α ∈ S. Then α · (σ_1 ‖ σ_2 ‖ · · · σ_n) is a simple term of order n_1 + n_2 + . . . n_n.

For an sp-homomorphism η : NF → S and a simple term σ, we define the language L_η(σ) inductively: If σ ∈ S, we set L_η(σ) := η^{−1}(σ). For a linked pair (α, β), we define L_η (α, β) := η^{−1}(α) · (η^{−1}(β))^ω. Now the induction step is described by L_η (α · (σ_1 ‖ σ_2 ‖ . . . σ_n)) := η^{−1}(α) · (L_η(σ_1) ‖ L_η(σ_2) ‖ · · · L_η(σ_n)).

Lemma 5.1 Let Γ be an alphabet, (S, ·, ‖) an sp-algebra and η : NF → (S, ·, ‖) an sp-homomorphism. Let furthermore p ∈ NF^∞ be an N-free pomset of finite width. Then there exist simple terms τ_1, τ_2, . . . , τ_n of order at most w(p) with n ≤ w(p) and p ∈ L_η(τ_1) ‖ L_η (τ_2) ‖ · · · L_η (τ_n).

Proof. If p is finite, the lemma is obvious since the element α = η(t) of S is a simple term of order 1. Thus, we may assume p to be infinite. First consider the case that p = ∏ i∈ω p_i is an infinite product of finite N-free pomsets p_i. Let α_i := η(p_i). A standard application (cf. [PP99, Thm. II.3.2]) of Ramsey’s Theorem [Ram30] (cf. also [Cam94]) yields the existence of a strictly increasing sequence of positive integers n_i for i ∈ ω and a linked pair (α, β) ∈ S^2 such that α = α_0α_1 · · · α_{n0} and β = α_{ni+1} · α_{ni+2} · · · α_{ni+1} for i ∈ ω. Hence p ∈ L_η(α, β). Since (α, β) is a simple term of order 1 ≤ w(p), we showed the lemma for infinite products of finite N-free pomsets.

Now we prove the lemma for connected N-free pomsets by induction on the width w(p) ≤ |Γ| (a pomset is connected if it is not the parallel product of two pomsets). If w(p) = 1, the pomset p is actually linearly ordered and therefore an infinite product of finite pomsets. But this case was already dealt with. Now assume that the statement of the lemma holds for any connected N-free pomset of width at most n and let p be a connected pomsets with w(p) = n + 1. By what we showed above, we may assume that p is not an infinite product of finite pomsets. Hence, by Lemma 2.1, there exist a finite N-free pomset p_0, a natural number m > 1 and nonempty connected N-free pomsets p_i for 1 ≤ i ≤ m ≤ w(p) with p = p_0 · (p_1 ‖ p_2 ‖ · · · p_m). Since w(p) ≥ w(p_1) + w(p_2) + · · · w(p_m), and w(p_i) ≥ 1, we have w(p_i) ≤ n. Hence we can apply the induction hypothesis and obtain simple terms σ_i of order at most w(p_i) with p_i ∈ L_η(σ_i). With α := η(p_0), we therefore have a simple term τ = α · (σ_1 ‖ σ_2 ‖ · · · σ_m) with p ∈ L_η (τ). By w(p_1) + w(p_2) + · · · w(p_m) ≤ w(p), the simple term τ is of order at most w(p).

Finally, assume that p ∈ NF^∞ is not connected. Since p is of finite width, it is the parallel product of at most w(p) connected N-free pomsets p_i. Note that w(p_i) ≤ w(p). Hence w(p_i) belongs to a set L_η(τ_i) for some simple term τ_i of order at most w(p). ⊓⊔

The following lemma implies that the set L_η(τ) is contained in any ω-recog-nizable set L that intersects L_η(τ).

Lemma 5.2 Let Γ be an alphabet, (S, ·, ‖) a finite sp-algebra, and η : NF → (S, ·, ‖) an sp-homomorphism and τ_i a simple term for 1 ≤ i ≤ m. Let furthermore p, q ∈ L_η(τ_1) ‖ L_η(τ_2) ‖ · · · L_η(τ_m). Then there exist a term t and mappings f, g : X → NF with η ∘ f = η ∘ g such that f(t) = p and g(t) = q.

Proof. First, we show the lemma for the case m = 1 (for simplicity, we write τ for τ_1): In this restricted case, the lemma is shown by induction on the construction of the simple term τ. If τ = α ∈ S, the set L_η(τ) = η^{−1}(α) consists of finite N-free pomsets, only. Therefore, we can define functions f, g : X → NF with f(x) = p and g(x) = q for all x ∈ X. Since p, q ∈ L_η (τ) = η^{−1}(α), we get η(p) = α = η(q) and therefore η ∘ f = η ∘ g. With t = x, we have in addition f(t) = p and g(t) = q as required.

Now let τ = (α, β) be a linked pair. Then p, q ∈ η^{−1}(α) · (η^{−1}(β)^ω. Hence there are finite N-free pomsets p_i and q_i with η(p_0) = η(q_0) = α, η(p_i) = η(q_i) = β for i > 0, p = ∏ i∈ω p_i and q = ∏ i∈ω q_i. Now let t = ∏ i∈ω x_i, f(x_i) = p_i and g(x_i) = q_i. Then the term t and the functions f and g satisfy the requirements of the lemma.

Now suppose n > 1, τ_i (1 ≤ i ≤ n) are simple terms that satisfy the statement of the lemma above. Furthermore, let α ∈ S and let τ = α · (τ_1 ‖ τ_2 ‖ · · · τ_n) and suppose p, q ∈ L_η(τ). Then there exist finite N-free pomsets p_0, q_0 ∈ η^{−1}(α) and N-free pomsets p_i and q_i in L_η(τ_i) for 1 ≤ i ≤ n such that p = p_0 · (p_1 ‖ p_2 ‖ · · · p_n) and q = q_0 · (q_1 ‖ q_2 ‖ · · · q_n). By the induction hypothesis on the simple terms τ_i, we find terms t_i and functions f_i, g_i : X → NF such that η ∘ f_i = η ∘ g_i, p_i = f_i(t_i) and q_i = g_i(t_i) for 1 ≤ i ≤ n. We might assume that the variables that occur in the term t_i are disjoint from those that occur in t_j for 1 ≤ i < j ≤ n. Furthermore, let y ∈ X be a variable that does not occur in any of the terms t_i. Now we define t = y · (t_1 ‖ t_2 ‖ · · · t_n), f(x) = f_i(x) and g(x) = g_i(x) if x occurs in t_i, and f(x) = p_0 and g(x) = q_0 if x does not occur in any of the terms t_i. Then it is easily checked that η ∘ f = η ∘ g, f(t) = p and g(t) = q.

Finally, the general case m ≥ 1 is handled similarly to the induction step above. ⊓⊔

Let L be an ω-recognizable set of N-free pomsets of finite width. Next, we show that L is the union of languages of the form L_η (τ_1) ‖ L_η(τ_2) ‖ · · · L_η (τ_n). But this union might be infinite.

Proposition 5.3 Let Γ be an alphabet and L ⊆ NF^∞ be an ω-recognizable set of N-free pomsets of finite width. Let L be recognized by the sp-homomorphism η : NF → (S, ·, ‖), and let T denote the set of finite tuples of simple terms

(τ_1, τ_2, . . . , τ_k) such that ∅ ≠ L ∩ (L_η (τ_1) ‖ L_η(τ_2) ‖ · · · L_η(τ_k)). Then L = ⋃ (τ_1,τ_2,...,τ_k)∈T (L_η(τ_1) ‖ L_η(τ_2) ‖ · · · L_η(τ_k)).

Proof. For simplicity, let K = ⋃ (τ_1,τ_2,...,τ_k)∈T(Lη(τ1) ‖ Lη(τ2) ‖ · · · Lη(τk)). Let p ∈ L. By Lemma 5.1, there exist simple terms τ_i for 1 ≤ i ≤ k such that p ∈ L_η(τ_1) ‖ L_η(τ_2) ‖ · · · L_η (τ_k) ⊆ K. Hence L ⊆ K and it remains to show K ⊆ L. So, let (τ_1, τ_2, · · · τ_k) ∈ T be a tuple of simple terms and let p, q ∈ L_η (τ_1) ‖ L_η(τ_2) ‖ · · · L_η (τ_k) such that p ∈ L. We have to show that q belongs to L. By the preceding lemma, there exist mappings f, g : X → NF and a term t with p = f(t) and q = g(t) and η ∘ f = η ∘ g. Since L is recognized by η, this implies q ∈ L as required. ⊓⊔

5.2 ω-recognizable and ω-series-rational sets

By [LW98], any recognizable and width-bounded set of finite N-free pomsets is series-rational. In this section, we extend this result to infinite N-free pomsets. We start with an example showing that there are ω-recognizable sets which are not ω-series-rational:

Example 5.4 Let (V, ≤) be a tree without maximal elements, such that ↓v is finite for any v ∈ V , any node has at most 2 upper neighbors, and almost all nodes from V have only one upper neighbor. Let n be the number of branching points of (V, ≤). Then we call (V, ≤) a tree with n branching points. Note that (V, ≤, λ) is an N-free pomset.

Now let N be a set of natural numbers and let L_N denote the set of all Γlabeled trees with n branching points for some n ∈ N. We show that L_N is ω-recognizable:

We consider the sp-algebra S = {1, 2} with the mapping η : NF → S defined by η(p) = min(w(p), 2) for any p ∈ NF. To turn this into an sp-homomorphism, let α ‖ β = min(2, α + β) and α · β = max(α, β) for any α, β ∈ S. Now let t be a term and f, g : X → NF with η ∘ f = η ∘ g. Furthermore, assume f(t) ∈ L_N , i.e. that f(t) is a tree with n ∈ N branching points. As f(t) has no leaves, every parallel product ‖ in t is applied to two infinite terms and similarly the second factor of every sequential product · in t is an infinite term. Hence every variable x_i (that occurs in t at all) occurs in t in a left factor of a sequential product · or within the scope of an infinite product ∏ . Since f(t) is a tree, this implies that f(x_i) is a (finite) linear order, i.e. w(f(x_i)) = 1. Now η ∘ f = η ∘ g implies w(g(x_i)) = 1. Hence the N-free pomset g(t) differs from the tree with n branching points f(t) only in some non-branching pieces. Thus, g(t) is a tree with n branching points, i.e. g(t) ∈ L_N as required. Hence we showed that L_N is indeed ω-recognizable.

By the example above, the number of ω-recognizable subsets of NF^∞ is 2^{ℵ0} . Since there are only countably many ω-series-rational languages, not all ω-recognizable sets are ω-series-rational. Therefore, we will restrict to ω-recognizable sets of bounded width and show that any such set is ω-series-rational:

Proposition 5.5 Let Γ be an alphabet and L ⊆ NF^∞(Γ) be ω-recognizable and width-bounded. Then L is ω-series-rational.

Proof. Let η : NF(Γ) → (S, ·, ‖) be an sp-homomorphism that recognizes L. Furthermore, let n ∈ ω such that w(p) ≤ n for any p ∈ L. Now let T_n denote the set of tuples of simple terms (τ_1, τ_2, . . . , τ_k) with k ≤ n of order at most n such that ∅ ≠ L ∩ (L_η(τ_1) ‖ L_η (τ_2) ‖ · · · L_η (τ_k)). Note that T_n is finite.

By Proposition 5.3, L contains all languages L_η(τ_1) ‖ L_η (τ_2) ‖ · · · L_η(τ_k) for (τ_1, τ_2, . . . , τ_n) ∈ T_n. Conversely, let p ∈ L. By Lemma 5.1, there exists a tuple (τ_1, τ_2, . . . , τ_n) of simple terms of order at most w(p) ≤ n such that p ∈ L_η (τ_1) ‖ L_η(τ_2) ‖ · · · L_η(τ_k). Note that k ≤ w(p) ≤ n implying (τ_1, τ_2, . . . , τ_k) ∈ T_n. This finishes the proof that L equals the union of all sets L_η(τ_1) ‖ L_η(τ_2) ‖ · · · L_η (τ_k) for (τ_1, τ_2, . . . , τ_k) ∈ T_n.

Hence it remains to show that L_η (τ) is ω-series-rational for any simple term τ such that there exists (σ_1, σ_2, . . . , σ_k) ∈ T_n with σ_i = τ for some 1 ≤ i ≤ k. The proof proceeds by induction on the subterms of τ: So let σ be a subterm of τ of order 1. First assume σ = α ∈ S. Then L_η (σ) = η^{−1}(α) is sp-recognizable. Note that any p ∈ η^{−1}(α) is a subposet of some element of the language L. Since L is width-bounded, the set η^{−1}(α) is width-bounded. By [LW00b] it follows that L_η(α) is series-rational. Now let σ = (α, β) be a linked pair. Similarly to the first case, any element of η^{−1}(α) ∪ η^{−1}(β) is a subposet of some element of L. Hence η^{−1}(α) and η^{−1}(β) are width-bounded and sp-recognizable and therefore series-rational. Hence L_η(α, β) = η^{−1}(α) · (η^{−1}(β))^ω is ω-series-rational. For the induction step, let σ = α · (τ_1 ‖ τ_2 ‖ · · · τ_n) be a subterm of τ such that L_η(τ_i) is ω-series-rational. Again, we obtain that η^{−1}(α) is width-bounded and sprecognizable and therefore series-rational. Hence so is L_η(σ) = η^{−1}(α)·(L_η(τ_1) ‖

L_η(τ_2) ‖ · · · L_η(τ_n)). ⊓⊔

5.3 Aperiodic and starfree sets

In the proof above, we used the result by Lodaya & Weil on recognizable and series-rational sets of bounded width. In this section, we show a similar result for sets of finite N-free pomsets regarding aperiodic and starfree sets of bounded width.

Recall that we did not allow a poset to be empty. Therefore, in general, X ·NF does not contain X. Since, occasionally it will be convenient to have this, we will use the abbreviations X · NF_ε = X · NF ∪ X, X · NF^∞_ε = X · NF^∞ ∪ X, and NF_ε · X = NF · X ∪ X for X ⊆ NF.

Example 5.6 For k ∈ N, let NF_k = {t ∈ NF | w(t) ≤ k} and. The set NF_ε · (NF ‖ NF) · NF_ε of all N-free pomsets of width at least 2 is starfree. Hence, the set NF_1 of linear pomsets is starfree, too. Words over Γ can be identified with linear pomsets, i.e. with the elements of NF_1. Then, of course, Γ^+ \L corresponds to NF_1 \ L^′ where L^′ ⊆ NF_1 corresponds to L. Hence, starfree word languages correspond to starfree subsets of NF.

We saw above that NF_1 is starfree. Note that, for any k ∈ N, the set NF_ε · ((NF \ NF_{k−1}) ‖ NF) · NF_ε is the set of N-free pomsets of width at least k + 1. Hence, its complement NF_k is starfree.

Similarly, one can show that NF^∞_k = {t ∈ NF^∞ | w(t) ≤ k} is ω-starfree.

Let S be a set and let X_s ⊆ NF for s ∈ S. Then the set of sets starfree over {X_s | s ∈ S} is the least class C ⊆ P(NF) containing X_s for s ∈ S, {t} for t ∈ NF, that is closed under the Boolean operations and the sequential and parallel product. A set of N-free pomsets is ω-starfree over {X_s | s ∈ S} if it can be constructed from the sets starfree over {X_s | s ∈ S} by Boolean combinations, parallel product, and sequential product. Note that X ⊆ NF is (ω)-starfree if it is (ω)-starfree over the empty family.

Example 5.7 We show that the sequential iteration of a starfree subset of NF ‖ NF is starfree: More generally, let L ⊆ (NF ‖ NF) ∪ Γ. Then L^+ is starfree over {L} which, in case L is starfree, implies the starfreeness of L^+: A minimal sequential factor of a poset t is a poset t^′ ∈ (NF ‖ NF) ∪ Γ such that t ∈ NF_ε · t^′ · NF_ε. Now one easily observes that L^+ is the set of all pomsets from NF all of whose minimal sequential factors belong to L. Hence

L^+ = NF \ (NF_ε · (NF \ L ∩ ((NF ‖ NF) ∪ Γ)) · NF_ε), a set starfree over L.

Let S be a set. Then S^+ denotes the set of nonempty words over S. We denote the concatenation operation of words over S by ⊙. Now let f : (NF ‖ NF)∪Γ → S be a function. By [Gis88], the semigroup (NF, ·) is freely generated by (NF ‖ NF) ∪ Γ. Hence, we can uniquely extend the function f to a semigroup homomorphism (also denoted f) from (NF, ·) to (S, ⊙). Even more, the equation f( ∏ p_i) = f(p_1) ⊙ f(p_2) ⊙ . . . extends f uniquely to a mapping from NF ∪ NF^∞ \ (NF^∞ ‖ NF^∞) to the set of finite and infinite words S^∞. Note that NF ∪ NF^∞ \ (NF^∞ ‖ NF^∞) is the set of finite N-free pomsets and of connected N-free pomsets.

Lemma 5.8 Let f : (NF ‖ NF) ∪ Γ → S be a function.

1. Let K ⊆ S^+ be a starfree word language. Then K^′ = f^{−1}(K) ⊆ NF is starfree over {f^{−1}(s) | s ∈ S}.

2. Let K ⊆ S^∞ be an ω-starfree word language. Then K^′ = f^{−1}(K) ⊆ NF^∞ is ω-starfree over {f^{−1}(s) | s ∈ S}.

Proof. The proof proceeds by induction on the construction of the starfree set K: For K = {s} with s ∈ S, the statement is trivial. The union is easily dealt with as f^{−1}(K_1 ∪ K_2) = f^{−1}(K_1) ∪ f^{−1}(K_2). Note that f^{−1}(S) = NF ‖ NF ∪ Γ, i.e. all preimages of a free generator of S^+ belong to the free generators of (NF, ·). Hence, for s ∈ S and w ∈ S^∞, we obtain f^{−1}(sw) = f^{−1}(s)·f^{−1}(w). Inductively, this implies f^{−1}(vw) = f^{−1}(v) · f^{−1}(w) for v ∈ S^+ and w ∈ S^∞. Hence f^{−1}(K_1 ⊙K_2) = f^{−1}(K_1)·f^{−1}(K_2). Finally, we have to handle the complements: f^{−1}(S^+\K) = f^{−1}(S^+)\f^{−1}(K) = NF\f^{−1}(K) and f^{−1}(S^∞\K) = f^{−1}(S^∞)\ f^{−1}(K) = [NF ∪ NF^∞ \ (NF^∞ ‖ NF^∞)] \ f^{−1}(K). Since NF is starfree and NF^∞ is ω-starfree, f^{−1} is indeed ω-starfree over {f^{−1}(s) | s ∈ S}. ⊓⊔

Lemma 5.9 Let X ⊆ NF be recognized by a homomorphism η : (NF, ·, ‖) → (S, ·, ‖) into the finite aperiodic sp-algebra (S, ·, ‖). Then X is starfree over {η^{−1}(s) ∩ (NF ‖ NF) | s ∈ S}.

Proof. Let f : (NF, ·) → (S^+, ⊙) be the uniquely determined semigroup homomorphism with f(t) = η(t) for t ∈ NF ‖ NF ∪ Γ. From the free, finitely generated semigroup (S^+, ⊙) we have the canonical semigroup homomorphism α onto (S, ·).

Let t ∈ NF. Then there are uniquely determined t_i ∈ NF ‖ NF ∪ Γ such that t = t_1 · t_2 · · · t_n. Hence

η(t) = η(t_1) · η(t_2) · · · η(t_n) = α(f(t_1) ⊙ f(t_2) ⊙ · · · ⊙ f(t_n) = α ∘ f(t), i.e. η = α ∘ f.

By [Sch65], K := α^{−1}(η(X)) ⊆ S^+ is a starfree word language since (S, ·) is a finite aperiodic semigroup. By Lemma 5.8, f^{−1}(K) ⊆ NF is starfree over {η^{−1}(s) ∩ (NF ‖ NF ∪ Γ) | s ∈ S} since η^{−1}(s) ∩ (NF ‖ NF ∪ Γ) = f^{−1}(s) for s ∈ S. Since η^{−1}(s) ∩ (NF ‖ NF ∪ Γ) is the union of η^{−1}(s) ∩ (NF ‖ NF) and η^{−1}(s) ∩ Γ, the set f^{−1}(K) is starfree over {η^{−1}(s) ∩ (NF ‖ NF) | s ∈ S} ∪ {η^{−1}(s) ∩ Γ | s ∈ S}. Since any of the latter sets is starfree anyway, we showed that f^{−1}(K) is starfree over {η^{−1}(s)∩NF(‖ NF) | s ∈ S}. It remains to show that f^{−1}(K) equals X: So let t ∈ NF. Then t ∈ f^{−1}(K) iff f(t) ∈ K = α^{−1}η(X) iff η(t) = α ∘ f(t) ∈ η(X) iff t ∈ η^{−1}η(X) = X. ⊓⊔

Lemma 5.10 Let k ∈ N and let X ⊆ NF_k be starfree over {Y_s | s ∈ S} = H where Y_s ⊆ NF for s ∈ S. Then X is starfree over {Y_s ∩ NF_ℓ | s ∈ S, 1 ≤ ℓ ≤ k} = H_k Proof. What we actually show is that X ∩ NF_k is starfree over H_k whenever X is starfree over H. This is done by induction on the starfree construction of the set X from the sets Y_s and {t} for s ∈ S and t ∈ NF (and not by induction on k as one might think). Since Y_s ∩ NF_k belongs to H_k and since {t} ∩ NF_k contains at most one element, the base step is obvious. Now let X_1, X_2 be starfree over H such that X_i ∩ NF_k is starfree over H_k. Then

(X_1 · X_2) ∩ NF_k = (X_1 ∩ NF_k) · (X_2 ∩ NF_k), (X_1 ∪ X_2) ∩ NF_k = (X_1 ∩ NF_k) ∪ (X_2 ∩ NF_k), (NF \ X_1) ∩ NF_k = NF_k \ (X_1 ∩ NF_k), and (X_1 ‖ X_2) ∩ NF_k = ⋃ ℓ_1+ℓ_2=k

(X_1 ∩ NF_{ℓ1} ) ‖ (X_2 ∩ NF_{ℓ2} )

which proves that the left hand sides of all these equations are starfree over H_k. ⊓⊔ Mezei’s Theorem characterizes the recognizable languages in a direct product of two monoids; it states that these are precisely the finite unions of direct products of recognizable languages in the monoids involved. Using “the same proof” we show a similar statement for nonconnected aperiodic languages in NF:

Lemma 5.11 Let X ⊆ NF ‖ NF be aperiodic. Then there exist n ∈ N and K_i, L_i ∈ NF aperiodic for 1 ≤ i ≤ n such that X = ⋃ 1≤i≤n Ki ‖ Li. Proof. There exist a finite aperiodic sp-algebra (S, ·, ‖) and an sp-homomorphism η : NF → S such that X = η^{−1}η(X). Let G = {(s_1, s_2) ∈ S × S | s_1 ‖ s_2 ∈ η(X)}. Note that η^{−1}(s) ⊆ NF is aperiodic for any s ∈ S. Hence it suffices to show that X = ⋃ {η^{−1}(s_1) ‖ η^{−1}(s_2) | (s_1, s_2) ∈ G}.

First, let t ∈ X ⊆ NF ‖ NF. Then there are t_1, t_2 ∈ NF with t = t_1 ‖ t_2. Hence η(t_1) ‖ η(t_2) = η(t) ∈ η(X), i.e. (η(t_1), η(t_2)) ∈ G and, trivially, t ∈ η^{−1}(η(t_1)) ‖ η^{−1}(η(t_2)). But this proves the inclusion “⊆”. Conversely let (s_1, s_2) ∈ G, i.e. s_1 ‖ s_2 ∈ η(X), and let t ∈ η^{−1}(s_1) ‖ η^{−1}(s_2). Then we find t_1, t_2 ∈ NF such that t = t_1 ‖ t_2 and t_i ∈ η^{−1}(s_i). Hence η(t) = η(t_1) ‖ η(t_2) = s_1 ‖ s_2 ∈ η(X), i.e. t ∈ η^{−1}η(X) = X proving the remaining inclusion “⊇”. ⊓⊔

Theorem 5.12 Let k ∈ N and let X ⊆ NF_k be aperiodic. Then X is starfree.

Proof. We show the theorem by induction on k. By Example 5.6, Schützenberger’s Theorem [Sch65] implies the theorem for k = 1. Now suppose the theorem holds for all ℓ < k and let X ⊆ NF_k. Then X = (X ∩ (NF ‖ NF)) ∪ (X \ (NF ‖ NF)).

Since NF ‖ NF is aperiodic and aperiodic sets are closed under intersection, the set X ∩ (NF ‖ NF) is aperiodic. By Lemma 5.11, X ∩ (NF ‖ NF) is a finite union of sets K ‖ L with K, L ⊆ NF aperiodic. Since X ⊆ NF_k, we obtain K, L ⊆ NF_{k−1}. Thus, by the induction hypothesis, K and L are starfree. Hence X ∩ (NF ‖ NF) is starfree. In particular, we showed the theorem for aperiodic sets contained in (NF ‖ NF) ∩ NF_k.

Next, we deal with X \ (NF ‖ NF): Since X and NF ‖ NF are aperiodic, so is their difference. Hence there exists a finite aperiodic sp-algebra (S, ·, ‖) and an sp-homomorphism η : NF → S that recognizes X \ (NF ‖ NF). By Lemma 5.9, X \ (NF ‖ NF) is starfree over {η^{−1}(s) ∩ NF ‖ NF | s ∈ S}. By Lemma 5.10, it is therefore starfree over {η^{−1}(s) ∩ (NF ‖ NF) ∩ NF_ℓ | s ∈ S, ℓ ≤ k}. Note that any of the sets η^{−1}(s) ∩ (NF ‖ NF) ∩ NF_ℓ is aperiodic and contained in NF ‖ NF ∩ NF_k. Thus, by what we showed above, they are starfree. ⊓⊔

5.4 ω-aperiodic and ω-starfree sets

Now we generalize the above result to infinite N-free pomsets. In the proof of Prop. 5.5, we used simple terms that in particular involved idempotent elements of the sequential semigroup (S, ·). The following lemma implies immediately that L_η(α, β) is ω-starfree for any connected pair (α, β) in a finite aperiodic spalgebra:

Lemma 5.13 Let (S, ·, ‖) be a finite and aperiodic sp-algebra, let β ∈ S with β · β = β, and let η : NF → S be an sp-homomorphism. Then (η^{−1}(β))^ω is ω-starfree.

Proof. Let X = η^{−1}(β). As before, let f : (NF, ·) → (S^+, ⊙) be the uniquely determined semigroup homomorphism with f(t) = η(t) for t ∈ NF ‖ NF∪Γ and let α be the natural homomorphism from (S, ⊙) to (S, ·). Then, as we saw in the proof of Lemma 5.9, η = α∘f implying K := f(X) = α^{−1}(β) ⊆ S^+. Since (S, ·) is an aperiodic semigroup, K is an aperiodic word language. By β · β = β, the set K^ω is ω-aperiodic and therefore ω-starfree. Hence, by Lemma 5.8, f^{−1}(K^ω) is ω-starfree over {f^{−1}(s) | s ∈ S}. Note that f^{−1}(s) = η^{−1}(s) ∩ (NF ‖ NF ∪ Γ). Since NF and Γ are starfree, this implies that f^{−1}(s) is starfree for s ∈ S, i.e. f^{−1}(K^ω) is ω-starfree.

It remains to show that X^ω = f^{−1}(K^ω): Let p_i ∈ X. Then f(p_i) ∈ K and therefore f( ∏ p_i) ∈ K^ω. This proves X^ω ⊆ f^{−1}(K^ω). For the other inclusion let w_i ∈ K. Then there are p_i ∈ X with f(p_i) = w_i. Hence ∏ w_i = ∏ f(p_i) = f( ∏ p_i) ∈ f(X^ω) showing X^ω ⊇ f^{−1}(K^ω). ⊓⊔

Proposition 5.14 Let Γ be an alphabet and L ⊆ NF^∞(Γ) be ω-aperiodic and width-bounded. Then L is ω-starfree.

Proof. Let η : NF(Γ) → (S, ·, ‖) be an sp-homomorphism that recognizes L. Furthermore, let n ∈ ω such that w(p) ≤ n for any p ∈ L. Now let T_n denote the set of tuples of simple terms (τ_1, τ_2, . . . , τ_k) with k ≤ n of order at most n such that ∅ ≠ L ∩ (L_η(τ_1) ‖ L_η (τ_2) ‖ · · · L_η (τ_k)). Note that T_n is finite.

By Proposition 5.3, L contains all languages L_η(τ_1) ‖ L_η (τ_2) ‖ · · · L_η(τ_k) for (τ_1, τ_2, . . . , τ_n) ∈ T_n. Conversely, let p ∈ L. By Lemma 5.1, there exists a tuple (τ_1, τ_2, . . . , τ_n) of simple terms of order at most w(p) ≤ n such that p ∈ L_η (τ_1) ‖ L_η(τ_2) ‖ · · · L_η(τ_k). Note that k ≤ w(p) ≤ n implying (τ_1, τ_2, . . . , τ_k) ∈ T_n. This finishes the proof that L equals the union of all sets L_η(τ_1) ‖ L_η(τ_2) ‖ · · · L_η (τ_k) for (τ_1, τ_2, . . . , τ_k) ∈ T_n.

Hence it remains to show that L_η(τ) is ω-starfree for any simple term τ such that there exists (σ_1, σ_2, . . . , σ_k) ∈ T_n with σ_i = τ for some 1 ≤ i ≤ k. The proof proceeds by induction on the subterms of τ: So let σ be a subterm of τ of order 1. First assume σ = α ∈ S. Then L_η(σ) = η^{−1}(α) is aperiodic. Note that any p ∈ η^{−1}(α) is a subposet of some element of the language L. Since L is widthbounded, the set η^{−1}(α) is width-bounded. By Theorem 5.12 it follows that L_η(α) is starfree. Now let σ = (α, β) be a linked pair. Similarly to the first case, any element of η^{−1}(α)∪η^{−1}(β) is a subposet of some element of L. Hence η^{−1}(α) and η^{−1}(β) are width-bounded and aperiodic and therefore starfree. Since β·β = β, by Lemma 5.13 the set (η^{−1}(β))^ω is ω-starfree. Hence η^{−1}(α)·(η^{−1}(β)^ω = L_η(α, β), is ω-starfree. For the induction step, let σ = α · (τ_1 ‖ τ_2 ‖ · · · τ_n) be a subterm of τ such that L_η(τ_i) is ω-series-rational. Again, we obtain that η^{−1}(α) is widthbounded and aperiodic and therefore starfree. Hence L_η(σ) = η^{−1}(α) · (L_η(τ_1) ‖ L_η(τ_2) ‖ · · · L_η(τ_n)) is ω-starfree. ⊓⊔

6 Branching Büchi-automata

In this section, we extend the concept of a branching automaton that accepts only finite N-free pomsets to a branching Büchi-automaton that is capable of accepting infinite N-free pomsets. Similarly to the finite case, we show that a set of N-free pomsets is ω-series-rational iff it can be accepted by a finite branching Büchiautomaton and is width-bounded.

Notational conventions To ease the notation, we will identify an element s ∈ S with the function g : S → ω that sends s to 1 and any other element of S to 0 (i.e. with the characteristic function of the set {s}). In this sense, we will say that S is a subset of ω^S . The function that sends any element of S to 0 is denoted by 0, too. Let F (S) be the set of pairs of functions from S to ω, i.e. F (S) = (ω^S)^2. Note that (s, 0) and (0, t) for s, t ∈ S are particular elements of F (S). An element g = (g_f , g_i) ∈ F (S) is non-zero iff g_f ≠ 0 ≠ g_i. The addition of elements of F (S) is defined componentwise: (g_f , g_i) + (h_f , h_i) = (g_f + h_f , g_i + h_i) and (g_f + h_f )(s) = g_f (s) + h_f (s) for s ∈ S.

Now we can introduce our notion of a device accepting N-free pomsets:

Definition 6.1 A branching Büchi-automaton is a tuple A = (S, T_s, T_f , T_j , P, I, F) where

1. S is a set of states,

2. T_s ⊆ S × Γ × S is a set of sequential transitions,

3. T_f , T_j , P ⊆ S^3 are sets of fork, join, and pairing transitions, resp.,

4. I ⊆ S is a set of initial states, and

5. F ⊆ F (S) is a set of pairs of accepting functions g = (g_f , g_i) with g_f , g_i : S → ω. The branching Büchi-automaton A is finite iff S and F are finite. It is a branching automaton if g_i = 0 and g_f ∈ S for any g ∈ F.

There are three differences between our branching Büchi-automata and the branching automata defined by Lodaya & Weil: First, our fork and join transitions are simpler than those of Lodaya & Weil. These authors allowed forking into more than two branches. But it is an easy exercise to show that the restriction to binary branching does not influence the expressive power. Second, we have an additional set of pairing transitions. These transitions will work similar to fork transitions but in a run, they need not be paired with a join transition (see below). As a consequence of these pairing transitions, a run has in general more than one final state. Therefore the set of accepting states from [LW00b] is replaced by accepting functions.

Next, we define how a branching Büchi-automaton runs on finite N-free pomsets. These runs are defined inductively on the construction of the pomset: Let p_i = (V_i, ≤, λ_i) for i = 0, 1 be finite N-free pomsets and s, t ∈ S be states. If V_0 = {x} with λ(x) = a, then there is a finite run of A on p_0 of depth 0 from s to t (written s^{p0}−→_0 t) iff (s, a, t) ∈ T_s. Furthermore, s^{p0·p1}−→_n t iff there exists a state r ∈ S with s^{p0}−→_k r^{p1}−→_ℓ t and n = max(k, ℓ). Finally, s^{p0‖p1}−→_n t iff there exist states s_i and t_i such that (s, s_0, s_1) ∈ T_f is a fork transition, (t_0, t_1, t) ∈ T_j is a join transition, s_i^{pi}−→_{ni} t_i for i = 0, 1, and n = 1 + max(n_0, n_1).

Thus, finite runs transform states of A to other states of A. The depth of a finite run measures the maximal number of nested fork transitions in this run. Therefore, if the finite N-free pomset p admits a finite run of depth n in A, then the width of p is at least n + 1 and at most 2^n.

Next, we define runs on possibly infinite N-free pomsets. These runs transform states of A to pairs of functions from ω^S:

• If s^p−→_n t is a finite run, then s^p=⇒_n (t, 0) is a run of depth n.

• Let p_i ∈ NF be finite N-free pomsets, s_i ∈ S be states such that s_i^{pi}−→_{ni} s_{i+1} for i ∈ ω. Furthermore suppose that there are infinitely many i ∈ ω with s_i = t and let n = sup{n_i | i ∈ ω}. Then s ∏ i∈ω p_i =⇒_n (0, t).

• Let p ∈ NF, q ∈ NF^∞, s, t ∈ S and g ∈ F (S) with s^p−→_k t, t^q=⇒_ℓ g and n = max(k, ℓ). Then s^{p·q}=⇒_n g.

• Let q_0, q_1 ∈ NF^∞, s, s_0, s_1 ∈ S and g, g_0, g_1 ∈ F (S), such that s_j^{qj}=⇒_{nj} g for j = 0, 1, (s, s_0, s_1) ∈ P , and n = 1 + max(n_0, n_1) (where we set 1 + ∞ = ∞). Then s^{q0‖q1}=⇒_n g_0 + g_1.

Similarly to finite runs, the depth of a run measures the maximal nesting of fork and pairing transitions in this run. Hence, as above, n < w(p) ≤ 2^n whenever p ∈ NF^∞ admits a run of depth n.

A run s^p=⇒_n g is successful if s ∈ I and g ∈ F. For a branching Büchiautomaton A, let L(A) denote the set of all p ∈ NF^∞ that admit a successful run. A set L ⊆ NF^∞ is ω-regular if it can be accepted by a finite branching Büchi-automaton.

6.1 From ω-regular to ω-series-rational sets

A branching Büchi-automaton is of bounded depth if there exists a natural number n ∈ ω such that s^p=⇒_m g implies m ≤ n for any p ∈ NF^∞, s ∈ S and g ∈

F (S). In [LW00b], fork-acyclic branching automata are considered that satisfy this condition for successful runs, only. Therefore, any branching automaton of bounded depth is fork-acyclic, but the converse is false in general.

Since w(p) ≤ 2^n whenever s^p=⇒_n g, a branching Büchi-automaton A of bounded depth accepts a set of pomsets L(A) of bounded width. For fork-acyclic branching automata and finite N-free pomsets, this was observed in [LW00b]. There, the converse is shown as well: If L(A) ⊆ NF is of bounded width, than A is fork-acyclic. But there are branching automata A with L(A) of bounded width that are not of bounded depth. Since we need this stronger notion, next we show that any ω-regular set of bounded width can be accepted by a finite branching Büchi-automaton of bounded depth:

Lemma 6.2 Let A be a finite branching Büchi-automaton and suppose that L(A) has bounded width. Then there exists a finite branching Büchi-automaton A^′ of bounded depth with L(A) = L(A^′).

Proof. Let A = (S, T_s, T_f , T_j, P, I, F) and n ∈ ω with w(p) ≤ n for any p ∈ NF^∞ that is accepted by A. Let S^′ = S × {0, 1, 2, 3, . . . , n} be the state space of the automaton A^′. This automaton simulates the automaton A in the first component and counts the nesting of fork and pairing transitions in its second component. Therefore, we define ((s, k), a, (t, ℓ)) ∈ T^′_s iff k = ℓ and (s, a, t) ∈ T_s is a sequential transition of the old automaton. Furthermore, ((s, m), (s_0, m_0), (s_1, m_1)) ∈ T^′_f is a fork transition of the new automaton iff (s, s_0, s_1) ∈ T_f is one of the old and m_0 = m_1 = m + 1. The pairing transitions from P^′ are defined similarly. Dually, ((s_0, m_0), (s_1, m_1), (s, m)) ∈ T^′_j is a join transition of the new automaton iff (s_0, s_1, s) ∈ T_j is one of the old and m_0 = m_1 = m + 1. The initial states of the new automaton are those states whose first component is initial in the old automaton: I^′ = I × {1, 2, . . . , n}. Similarly, the final functions are defined: A pair of functions g = (g_f , g_i) ∈ F (S^′) belongs to F^′ iff (g_f ∘ π_1, g_i ∘ π_1) = g ∘ π_1 belongs to F.

As any fork and pairing transition in A^′ increments the depth counter and since this counter is bounded by n, any run in A^′ has depth at most n. Hence the automaton A^′ is indeed of bounded depth.

Now let (s, k)^p=⇒_m g^′ be a successful run of depth m in the automaton A^′. Since this automaton simulates A in its first component, there is a run s^p=⇒ g^′ ∘π_1 in A where π_1 : S^′ → S is the projection to the first component. Since g^′ is a final function in A^′, the function g^′ ∘ π_1 is final in A, i.e. p is accepted by A. Thus L(A^′) ⊆ L(A).

Conversely suppose s^p=⇒_m g is a successful run in A. Then m < w(p) since p admits a run of depth m. On the other hand w(p) ≤ n since p is accepted by A. This implies m < n, i.e. in the run s^p−→_m f, the nesting of fork and pairing transitions is smaller than n. Hence this run can be simulated by A^′, i.e. there is a run (s, 0)^p=⇒_m g^′ in A^′ that, in the first component, simulates the run s^p=⇒_m g of A. In particular g = g^′ ∘ π_1 implying that the run (s, 0)^p−→_m g^′ is successful in A^′. Hence L(A) ⊆ L(A^′). ⊓⊔

Lodaya & Weil showed that a set of finite N-free pomsets is series-rational iff it can be accepted by a finite branching automaton and is width-bounded. This result and the lemma above are the basis for the proof of the following corollary:

Corollary 6.3 Let L ⊆ NF be a set of finite N-free pomsets. Then L is seriesrational iff it can be accepted by a finite branching automaton of bounded depth.

Proof. If L is series-rational, it can be accepted by a finite branching automaton [LW00b, Thm. 4.12] and is of bounded width. Hence, by Lemma 6.2, it can be accepted by a finite branching automaton of bounded depth. Conversely, let L be accepted by a finite branching automaton A whose depth is bounded by n. Then, as we saw above, any N-free pomset accepted by A has width at most 2^n, i.e. L(A) has bounded width. Hence L(A) is series-rational by [LW00b, Thm. 4.12]. ⊓⊔

Next we show that any ω-regular set of N-free pomsets of bounded width is ω-series-rational:

Proposition 6.4 Let A be a finite branching Büchi-automaton such that L(A) is of bounded depth. Then L(A) is ω-series-rational.

Proof. By Lemma 6.2, we can assume A = (S, T_s, T_f , T_j , P, I, F) to be of bounded depth. For s ∈ S and g ∈ F (S), let A_{s,f} = (S, T_s, T_f , T_j , P, {s}, {g}) be the branching Büchi-automaton with one initial state s and one accepting function g. Note that in case g ∈ S, the branching Büchi-automaton A_{s,g} is actually a branching automaton and therefore falls into the realm of Cor. 6.3. Hence, in this case, L(A_{s,g}) is series-rational. Now suppose g_f = 0 and g_i = t ∈ S. Then an N-free pomset p is accepted by A_{s,g} iff it admits a run s^p−→_n g, i.e. iff it is an infinite sequential product p = ∏ i∈ω p_i of finite pomsets p_i such that p_0 admits a finite run from s to t, and p_i leads from t to t for i > 0. Thus,

L(A_{s,f} ) = L(A_{s,t}) · (L(A_{t,t}))^ω which is ω-series-rational since the sets L(A_{s,t}) and L(A_{t,t}) are series-rational subsets of NF.

Now let g be the sum of two non-zero functions. Then a pomset p ∈ NF^∞ is accepted by A_{s,g} iff there are two non-zero functions g^0 and g^1 with g = g^0 + g^1, two N-free pomsets p_0 and p_1,

1. and a pairing transition (s, s_0, s_1) ∈ P such that p = p_0 ‖ p_1 and s_i^{pi}=⇒ g^i for i = 0, 1, or

2. a pairing transition (s^′, s_0, s_1) ∈ P , and a finite N-free pomset q such that p = q · (p_1 ‖ p_2), s^q−→ s^′, and s_i^{pi}=⇒ g^i for i = 0, 1.

Hence L(A_{s,g}) is the union of all sets ⋃ (s,s_0,s_1)∈P L(A_{s0,g}0 ) ‖ L(A_{s1,g}1 ) ∪ ⋃ (s^′,s_0,s_1)∈P L(A_{s,(s}′_{,0)}) · (L(A_{s0,g}0 ) ‖ L(A_{s1,g}1 ))

over all pairs (g^0, g^1) of non-zero functions with g = g^0 + g^1. Since this union is finite, we showed inductively that L(A_{s,g}) is ω-series-rational for any s ∈ S and g ∈ F (S). Now L(A) = ⋃ s∈I,g∈F L(As,g). Since A is finite, L(A) is ω-series-rational. ⊓⊔

6.2 From ω-series-rational to ω-regular sets

Similar to [LW00b], we will show that the substitution of a regular set K for a letter ξ in an ω-regular set L yields an ω-regular set L[ξ, K]. Since, e.g., K^ω = ξ^ω[ξ, K], this will imply that the ω-regular sets satisfy the closure properties required for the ω-series-rational ones.

We start with the formal definition of the substitution: Let ξ ∉ Γ and K ⊆ NF. Then ξ[ξ, K] = K, a[ξ, K] = {a} for a ≠ ξ, (q_0 ‖ q_1)[ξ, K] = q_0[ξ, K] ‖ q_1[ξ, K], (p_0 · q_0)[ξ, K] = p_0[ξ, K] · q_0[ξ, K], and ( ∏ i∈ω p_i)[ξ, K] = ∏ i∈ω (p_i[ξ, K]) where p_i ∈ NF(Γ∪{ξ}) and q_i ∈ NF^∞(Γ∪{ξ}). Furthermore, for L ⊆ NF^∞(Γ∪ {ξ}) let L[ξ, K] = ⋃ q∈L q[ξ, K]. Now one can show that the set of ω-regular sets is closed under substitutions of regular sets:

Lemma 6.5 Let K ⊆ NF and L ⊆ NF^∞(Γ ∪ {ξ}) be ω-regular. Then L[ξ, K] is ω-regular, too.

Proof. The proof is a simple adaptation of the proof of [LW00b, Prop. 4.9] which involves the notion of a behaved branching automaton. ⊓⊔

Proposition 6.6 Let L ⊆ NF^∞ be ω-series-rational. Then there exists a finite branching Büchi-automaton A that accepts L.

Proof. It is easily seen that {p} can be accepted by a branching automaton for p ∈ NF (cf. [LW00b]). The union L(A_0) ∪ L(A_1) is accepted by the disjoint union of the two branching Büchi-automata A_0 and A_1.

Now let A^i = (S^i, T^i_s , T^i_f , T^i_j , P^i, I^i, F^i) for i = 0, 1 be finite branching Büchiautomata with disjoint state sets. To accept the parallel product L(A^0) ‖ L(A^1), take the union of these two automata, add a new initial state ι, pairing transitions (ι, s^0, s^1) for any initial states s^i ∈ I^i, and require that “both parts” of the new automaton are accepting. More formally, a pair of functions g_f and g_i from ω^{S0∪S1} is accepting (i.e. belongs to F) if (g_f ↾ S^i, g_i ↾ S^i) ∈ F^i for i = 0, 1. So let A denote the finite branching automaton

(S^0 ∪ S^1 ˙∪{ι}, T^0_s ∪ T^1_s , T^0_f ∪ T^1_f , T^0_j ∪ T^1_j , P, {ι}, F)

with P = P^0 ∪P^1 ∪{ι}×I^0 ×I^1. Any successful run of this automaton starts with a pairing transition of the form (ι, s^0, s^1) with s^i ∈ I^i. Hence L(A) = L(A^0) ‖ L(A^1).

Now suppose that K = L(A^0) consists of finite N-free pomsets, only. Since {ξ}^+ and {ξ}^ω are ω-regular, so are K^+ = ({ξ}^+)[ξ, K] and K^ω = ({ξ}^ω)[ξ, K] by Lemma 6.5. To show that K ·L(A^1) is ω-regular, we first show that {ξ}·L(A^1) is ω-regular: Replace the set of initial states I^1 by a new initial state ι and add sequential transitions (ι, ξ, s) for s ∈ I^1. The resulting finite branching Büchiautomaton obviously accepts {ξ} · L(A^1). Since ({ξ} · L(A^1))[ξ, K] = L(A^0) · L(A^1), Lemma 6.5 implies that this sequential product is ω-regular, too.

Since the ω-regular sets are closed under all necessary operations, and since the set of ω-series-rational sets is the least such set, we showed that any ω-regular set is ω-series-rational. ⊓⊔

7 Summary

Now we can prove our main theorems:

Theorem 7.1 Let Γ be an alphabet and L ⊆ NF^∞. Then the following are equivalent:

1. L is ω-series-rational.

2. L is monadically axiomatizable relative to NF^∞ and width-bounded. 3. L is ω-recognizable and width-bounded. 4. L is ω-regular and width-bounded.

5. L is accepted by a finite branching Büchi-automaton of bounded depth. Proof. The implications (1) ⇒ (2) ⇒ (3) ⇒ (1) are Lemma 3.1, Theorem 4.2 and Proposition 5.5, resp. The equivalence of (1) and (4) is implied by Proposition 6.4 and Proposition 6.6. The implication (4) ⇒ (5) is Lemma 6.2 and the remaining implication (5) ⇒ (4) is trivial. ⊓⊔

Theorem 7.2 Let Γ be an alphabet and L ⊆ NF^∞. Then the following are equivalent:

1. L is ω-starfree.

2. L is elementary axiomatizable relative to NF^∞ and width-bounded. 3. L is ω-aperiodic and width-bounded.

Proof. The implications (1) ⇒ (2) ⇒ (3) ⇒ (1) are Theorem 3.3, Theorem 4.3 and Proposition 5.14, resp. ⊓⊔

References

[BÉ98] S.L. Bloom and Z. Ésik. Shuffle binoids. Theoretical Informatics and Applications, 32:175–198, 1998.

[Cam94] P.J. Cameron. Combinatorics. Cambridge Univ. Press, 1994.

[CM00] B. Courcelle and J.A. Makowsky. VR and HR graph grammars:

A common algebraic framework compatible with monadic second order logic. In Graph transformations, 2000. cf. tfs.cs.tu-

berlin.de/gratra2000/proceedings.html.

[EF91] H.-D. Ebbinghaus and J. Flum. Finite Model Theory. Springer, 1991.

[ÉO99] Z. Ésik and S. Okawa. Series and parallel operations on pomsets. In Foundations of Software Technology and Theoretical Computer Science, Lecture Notes in Comp. Science vol. 1738. Springer, 1999.

[Gai82] H. Gaifman. On local and nonlocal properties. In J. Stern, editor, Logic Colloquium ’81, pages 105–135. North Holland, 1982.

[Gis88] J.L. Gischer. The equational theory of pomsets. Theoretical Comp.

Science, 61:199–224, 1988.

[Gra81] J. Grabowski. On partial languages. Ann. Soc. Math. Pol. IV: Fund.

Math., 4(2):427–498, 1981.

[Gur79] Y. Gurevich. Modest theory of short chains I. J. of Symb. Logic, 44:481– 490, 1979.

[Kus00] D. Kuske. Infinite series-rational posets: logic and languages. In ICALP 2000, Lecture Notes in Comp. Science vol. 1853, pages 648– 662. Springer, 2000.

[Kus01] D. Kuske. A model theoretic proof of Büchi-type theorems and firstorder logic for N-free pomsets. In STACS 2001, Lecture Notes in Comp. Science. Springer, 2001. To appear.

[Lad77] R.E. Ladner. Application of model theoretic games to discrete linear orders and finite automata. Information and Control, 33:281–303, 1977.

[LW98] K. Lodaya and P. Weil. Series-parallel posets: algebra, automata and languages. In M. Morvan, Ch. Meinel, and D. Krob, editors, STACS98, Lecture Nodes in Computer Science vol. 1373, pages 555– 565. Springer, 1998.

[LW00a] K. Lodaya and P. Weil. Rationality in algebras with a series operation.

Technical report, 2000.

[LW00b] K. Lodaya and P. Weil. Series-parallel languages and the boundedwidth property. Theoretical Comp. Science, 237:347–380, 2000.

[MP71] R. McNaughton and S. Papert. Counter-Free Automata. MIT Press, Cambridge, MA, 1971.

[Per84] D. Perrin. Recent results on automata and infinite words. In MFCS’84, Lecture Notes in Comp. Science vol. 176, pages 134–148. Springer, 1984.

[PP99] D. Perrin and J.-E. Pin. Infinite words. Technical report, 1999. Book in preparation.

[Pra86] V. Pratt. Modelling concurrency with partial orders. Int. J. of Parallel Programming, 15:33–71, 1986.

[Ram30] F.P. Ramsey. On a problem of formal logic. Proc. London Math. Soc., 30:264–286, 1930.

[Sch65] M.P. Schützenberger. On finite monoids having only trivial subgroups.

Inf. Control, 8, 1965.

[She75] S. Shelah. The monadic theory of order. Annals of Mathematics, 102:379–419, 1975.

[Sta81] P.H. Starke. Processes in Petri nets. Elektronische Informationsverarbeitung und Kybernetik, 17:389–416, 1981.

[Tho79] W. Thomas. Star-free regular sets of ω-sequences. Information and Control, 42:148–156, 1979.

[Tho81] W. Thomas. A combinatorial approach to the theory of ω-automata.

Information and Control, 48:261–283, 1981.

[Tho97] W. Thomas. Ehrenfeucht games, the composition method, and the monadic theory of ordinal words. In J. Mycielski et al., editor, Structures in Logic and Computer Science, A Selection of Essays in Honor of A. Ehrenfeucht, Lecture Notes in Comp. Science vol. 1261, pages 118–143. Springer, 1997.