Printed as: Technical Report 2000/40 of the Department of Mathematics and Computer Science, University of Leicester, 2000.

Distributive lattices with a decidable monadic second order theory

Dietrich Kuske^∗ University of Leicester

Abstract

The present paper characterizes classes of distributive lattices whose monadic, monadic chain, or monadic antichain theory are decidable. Mathematics Subject Classification (2000): 06D99, 03B25

1 Introduction

The elementary theory of a finite distributive lattice can easily be interpreted in the monadic second order theory of its join irreducible elements. Therefore, the decidability of the monadic second order theory of the join irreducible elements implies that of the elementary theory of the finite distributive lattices. This observation was used to show that the set of finite separated distributive lattices has a decidable elementary theory [Lac68, Gur83]; in this case, the join irreducible sets form precisely the finite trees whose monadic second order theory is decidable [Don65].^1 In this paper, we seek a characterization of those classes of finite distributive lattices that have a decidable monadic second order theory.

Let us introduce some notations: An element x of a join semilattice (L, ≤) is join-irreducible if it cannot be written as the supremum of finitely many other elements; by J(L, ≤), we denote the set of all join irreducible elements of (L, ≤). For a partially ordered set (P, ≤), we denote the set of finitely generated ideals by H_f (P, ≤). Ordered by set inclusion, it is a semilattice. It is well known that (H_f (P, ≤), ⊆) is a distributive lattice whenever P is finite, and that (L, ≤) ∼= H f (J(L, ≤)) for any finite distributive lattice (L, ≤) [Bir40]. For classes of posets

∗Department of Mathematics and Computer Science, University of Leicester, LEICESTER, LE1 7RH, U.K.

The results of this paper were obtained and a first version was written while the author worked at the Technische Universität Dresden.

1The finiteness of the lattices is necessary for the set of infinite separated distributive lattices has an undecidable elementary theory [Gur83].

P and of join semilattices L, we write H_f (P) for the set of all structures H_f (P, ≤) with (P, ≤) ∈ P and J(L) is understood similarly.

For incomparable elements x and y, we write x ‖ y. An antichain is a set of mutually incomparable elements. By w(P, ≤), we denote the width of a partially ordered set, i.e., the supremum of the cardinalities of its elements.

We will use the language of partial orders. For a partial order (P, ≤), Th(P, ≤) denotes its elementary theory. The monadic second order theory is denoted by MTh(P, ≤); here, we can in addition quantify over subsets of P (but not over relations of larger arity) and state that an element x belongs to a subset X. In monadic antichain logic, monadic chain logic, and weak monadic antichain logic, the quantification over sets is restricted to antichains, chains, and finite antichains, respectively. The corresponding theories of (P, ≤) are denoted by MATh(P, ≤), MCTh(P, ≤), and wMATh(P, ≤). For classes of partial orders P, Th(P) denotes the intersection of the elementary theories of the elements of P, and MTh(P) etc are defined similarly.

The following diagram summarizes our results for a set L of distributive lattices (L, ≤) satisfying (L, ≤) ∼= H_f (J(L, ≤)) (cf. Corollary 5.2):

MCTh(L) is decidable ⇐⇒ MCTh(J(L)) is decidable and w(L) is bounded ⇕ ⇕ MTh(L) is decidable ⇐⇒ MTh(J(L)) is decidable and w(L) is bounded ⇓ ⇓ MATh(L) is decidable ⇐⇒ Th(J(L)) is decidable and w(L) is bounded ⇓ ⇓ Th(L) is decidable ⇐⇒ wMATh(J(L)) is decidable

No further implications hold: By [Tho78], there exists a set X ⊆ ω such that the elementary theory of (ω, ≤, X) is decidable, but its monadic theory is not decidable. Let (P, ≤) be the partial order obtained from (ω, ≤, X) by duplicating the elements of X. Then the elementary theory of this set can be reduced to the elementary theory of (ω, ≤, X) and is therefore decidable. Since the width of (P, ≤) is 2, this implies also the decidability of its antichain theory. On the other hand, the monadic theory of (ω, ≤, X) can be reduced to the monadic theory of (P, ≤). Hence MTh(P, ≤) is undecidable. Thus, we found an example of a class L = {(P, ≤)} with decidable antichain and undecidable monadic theories. Next let L be the set of all finite Boolean algebras. Then Th(L) is decidable, but the width of the elements of L is not bounded. Hence the antichain theory of L is not decidable.

We will also show that the sets L_n of finite distributive lattices of width at most n have a decidable monadic theory. Hence there is no maximal set of finite distributive lattices with a decidable monadic (chain or antichain, resp.) theory.

2 The elementary theory of finitely generated ideals

As a warm up, in this section we characterize those sets of partial orders P whose associated set of semilattices H_f (P) has a deciable elementary theory:

Theorem 2.1 Let P be a set of partially ordered sets. Then Th(H_f (P)) is decidable if and only of the weak monadic antichain theory wMATh(P) is decidable.

Proof. We first show that the elementary theory Th(H_f (P)) can be reduced to wMATh(P): The idea of the proof is to identify the elements of H_f (P, ≤), i.e., the finitely generated ideals, with the finite antichain of their maximal elements. Then, quantification over the elements of H_f (P, ≤) is replaced by quantification over finite antichains in (P, ≤). More formally, the reduction r distributes over the boolean connectives and is defined by r(∃xα) = (∃Xr(α)), and r(x ≤ y) = (∀a∃b(a ∈ X → (b ∈ Y ∧ a ≤ b))). Converselly, the weak monadic antichain theory wMATh(P)) can be reduced to the elementary theory Th(H_f (P P )) as follows: r(∃Xα) = (∃x r(α)), r(∃xα) = (∃x(x is join irreducible ∧ r(α))), r(x ∈ X) = (x ≤ x ∧ ∀y((y join irreducible ∧ x ≤ y ≤ x) → x = y)), r(x ≤ y) = (x ≤ y), and r distributes over boolean connectives. The elements of (P, ≤) correspond to the join irreducible elements of H_f (P, ≤), hence the above definition of r(∃xα). Again, the idea is to replace a finite antichain X in (P, ≤) by its supremum x in H_f (P, ≤). Therefore, an element x of P belongs to the antichain X iff it is a maximal join irreducible element below x. □

If the partial orders from P all have width at most n, we can encode the weak monadic antichain theory of P in its elementary theory since the antichains contain at most n elements. Hence we obtain as a simple consequence:

Corollary 2.2 Let P be a set of partial orders of width at most n. Then the elementary theory of H_f (P) is decidable iff the elementary theory of P is decidable.

3 From MTh(H_f (P)) to MTh(P)

Our next aim is to show a similar result for the monadic theory MTh(H_f (P)). Note that the basic idea of the reduction of Th(H_f (P)) to wMATh(P) is the replacement of an element of H_f (P, ≤) by a finite antichain in (P, ≤). If we want to extend this to sets of elements in H_f (P, ≤), it would be natural to consider sets of finite antichains in (P, ≤). But this is not possible in monadic second order logic. To make this possible at least in full second order logic, the size of antichains in (P, ≤) should by bounded, i.e., the width of the elements of P has to be bounded. Then, a set in H_f (P, ≤) could be represented by an n-ary relation in (P, ≤). But in monadic second order logic, we cannot quantify over relations, but only over sets. Therefore, it does not suffice to restrict attention to sets P of bounded width, but we have in addition to assume that the diabolo width of the elements of P is bounded:

Definition 3.1 The partial order (P, ≤) has diabolo width at most m if, for any X, Y ⊆ P such that X × Y ⊆ ‖, we have |X| ≤ m or |Y | ≤ m. Figure 1 depicts this notion: Let (P, ≤) be a partially ordered set of diabolo width at most m and let X ⊆ P be a set with more than m elements. Then the set Y := P \ (X ↑ ∪X↓) is incomparable with X. Hence it contains at most m elements.^2

Note that the width is at most double the diabolo width of a partially ordered set.

In this section, we will show that for any set P of partial orders of bounded diabolo width, the monadic theory of H_f (P) can be reduced to the monadic theory of P. In particular, we have to ensure that any n-ary relation in P that contains only antichains can be encoded by a bounded number of sets.

We start with two technical lemmas.

Lemma 3.2 Let (C, ≤) be a linearly ordered set and let k ∈ N. Then C splits into 2k mutually disjoint subsets C(j) (1 ≤ j ≤ 2k) satisfying (⋆) For any 1 ≤ j ≤ 2k and for any x, y ∈ C(j) with x < y, the interval x ↑ ∩y↓ ⊆ C contains at least k elements.

Proof. Let α be an ordinal and let C = {x_β | β < α} be an enumeration of C. By transfinite induction, we construct the subsets C(j) as follows: Let β < α and assume that we constructed a partition (C^β(j))_{1≤j≤2k} of {x_γ | γ < β} satisfying (⋆). Consider the sets M = {x ∈ C | x < x_β, |x ↑ ∩x_β ↓ | ≤ k} and N = {x ∈ C | x > x_β, |x_β ↑ ∩x ↓ | ≤ k}. 2The name “diabolo width” was chosen since in this picture the set X ↑ ∪X↓ looks like a diabolo – a juggling prop that the author hopes to master eventually.

X

X↑

X↓

Y Y

Figure 1: Diabolo width

Since they are linearly ordered, M and N both contain at most k − 1 elements. Hence there is 1 ≤ j ≤ 2k with C^β(j) ∩ (M ∪ N) = ∅. Now define C^{β+1}(j) := C^β(j) ∪ {x_β } and C^{β+1}(i) := C^β(i) for i ≠ j. Then (C^{β+1}(j))_{1≤j≤2k} is a partition of {x_γ | γ < β + 1} satisfying (⋆). For a limit ordinal β, we set C^β(j) := ⋃ γ<β C^γ (j) for 1 ≤ j ≤ 2k. Now C(j) := C^α(j) finishes the construction. □

Let (P, ≤) be a partial order and let C_1, C_2 ⊆ P be chains in (P, ≤). We define an equivalence relation ∼ on C_2 by x ∼ y iff C_1 ∩ (x ↑ ∪x↓) = C_1 ∩ (y ↑ ∪y↓), i.e. iff x and y are comparable with the same elements of the first chain C_1.

Note that except C_1 ∩ C_2 all equiavalence classes of ∼ are intervals in C_2. But since C_1 ∩ C_2 is an equivalence class, in the following lemma we might have x_i ∼ x_j for some i < j.

Lemma 3.3 Let (P, ≤) be a partial order of diabolo width at most m. Let C_1, C_2 ⊆ P be chains in (P, ≤) and let k = (2m + 3)^2. Let x_i ∈ C_2 with x_i ≁ x_{i+1} and x_i < x_{i+1} for 1 ≤ i < k. Then C_1 ⊆ x_1 ↑ ∪x_k↓, i.e. there is no element in C_1 that is incomparable with both x_1 and x_k.

Proof. For 1 ≤ i ≤ k, let ⇓x_i = {x ∈ C_1 | x < x_i} and ⇑x_i = {x ∈ C_1 | x > x_i}. Then ⇓x_i ∪ ⇑x_i consists of those elements from C_1 \ {x_i} that are comparable with x_i. Hence ⇓x_i ⊆ ⇓x_{i+1} and ⇑x_i ⊇ ⇑x_{i+1}. Since x_i ≁ x_{i+1} and x_i < x_{i+1}, we have ⇓x_i ⊊ ⇓x_{i+1} or ⇑x_i ⊋ ⇑x_{i+1} for 1 ≤ i < k. First we show ⇓x_i ⊊ ⇓x_{i+2m+3} for 1 ≤ i ≤ k − 2m − 3:

By contradiction, assume 1 ≤ i ≤ k − 2m − 3 with ⇓x_i = ⇓x_{i+2m+3}. Then, for 0 ≤ j < m+1, we obtain ⇑x_{i+j} ⊋ ⇑x_{i+j+1} and therefore ⇑x_i \⇑x_{i+m+2} contains at least m+2 elements. Let z ∈ ⇑x_i \⇑x_{i+m+2} and 2 ≤ j ≤ m+3. Then z ≱ x_{i+m+j} since otherwise x_{i+m+1} < x_{i+m+j} ≤ z. Furthermore, z ≮ x_{i+m+j} since otherwise z < x_{i+2m+3} and z ≮ x_i, contradicting ⇓x_i = ⇓x_{i+2m+3}. Hence, ⇑x_i \ ⇑x_{i+m+1} and {x_{i+m+2}, x_{i+m+3}, . . . , x_{i+2m+3}} are mutually incomparable sets of more than m elements each. But this contradicts our assumption on the diabolo width of (P, ≤). Thus, we proved ⇓x_i ⊊ ⇓x_{i+2m+3}.

Now let y_i := x_{(2m+3)i} for 1 ≤ i ≤ ℓ :=^k_{2m+3} = 2m + 3, i.e. y_1 < y_2 < · · · < y_ℓ is a subsequence of x_1 < x_2 < · · · < x_k such that ⇓y_i ⊊ ⇓y_{i+1} for 1 ≤ i < ℓ.

To prove the final goal C_1 ⊆ ↑x_1 ∪ ↓x_k, assume by contradiction that x is an element of C_1 \ (x_1 ↑ ∪x_k↓) and let 1 ≤ i ≤ m + 1 and z ∈ Z := ⇓y_{2m+3} \ ⇓y_{m+2}. Since z and x belong to the chain C_1, they are comparable. Then z < x for otherwise x ≤ z ≤ y_{2m+3} ≤ x_k would contradict our assumption on x. In case z ≥ y_i (z ≤ y_i), we had x > z ≥ y_i ≥ x_1 (z ≤ y_i ≤ y_{m+2}), contradicting our assumption on x (on z, respectively). Hence z and y_i are incomparable, i.e. the sets {y_1, y_2, . . . , y_{m+1}} and Z are incomparable. Since they both contain more than m elements, the diabolo width of (P, ≤) is larger than m, a contradiction.□

Let (P, ≤) be a partially ordered set. By a slight abuse of notation, we call an n-tuple (x_1, x_2, . . . , x_n) ∈ P^n an antichain if the set {x_1, x_2, . . . , x_n} is an antichain. Note that in particular the tuple (a, a, . . . , a) is an antichain for any a ∈ P . By AC, we denote the set of all tuples that are antichains.

Recall that our aim was to encode an n-ary relation whose elements form antichains by subsets of P . With the following lemma, we reach this aim for the restricted case where (P, ≤) has width at most 2.

For an element x of direct product ∏ j∈J X_i and I ⊆ J, we write π_I (x) for its projection to the components from I.

Lemma 3.4 Let (P, ≤) be a partial order of diabolo width at most m. Let C_1, C_2 ⊆ P be chains in (P, ≤). For any M ⊆ C_1 × C_2 ∩ AC, there exist sets M_{i,j} ⊆ C_i for i = 1, 2 and 0 ≤ j < 4m(2m + 3)^2 such that

M = 4m(2m+3)^2 ⋃ j=0 M_{1,j} × M_{2,j} ∩ AC.

Proof. Similarly to the preceding lemma, let k = (2m + 3)^2. First, we split the chain C_2 into the set C^s_2 of those elements that belong to a small ∼-equivalence class and its complement, i.e.

C^s_2 = {y ∈ C_2 : |[y]| ≤ m}, and C^l_2 = C_2 \ C^s_2 = {y ∈ C_2 : |[y]| > m}

where [y] denotes the ∼-equivalence class containing y. Using Lemma 3.2, next we split C_1 and C^s_2 into 2·k·m disjoint subchains C_1(j) and C^s_2 (j) for 1 ≤ j ≤ 2km such that, for any x, y ∈ C_1(j) (∈ C^s_2 (j), respectively) with x < y the interval ↑x∩↓y contains at least km elements from C_1(j) (from C^s_2 (j), respectively). This ensures that between any two elements of C_1(j), there are more than m elements of C_1. Similarly, we will use that between two elements of C^s_2 (j) there are at least k · m elements of C^s_2 . To finish the construction, let

M^l(j) = M ∩ C_1(j) × C^l_2, and M^s(j) = M ∩ C_1 × C^s_2 (j)

for 1 ≤ j ≤ 2km. We establish the lemma showing that M equals the set of antichains that occur in H = ⋃ 1≤j≤2km [ π_1(M^l(j)) × π_2(M^l(j)) ∪ π_1(M^s(j)) × π_2(M^s(j)) ] .

Let (x_1, x_2) ∈ M. In case x_2 ∈ C^l_2, there is 1 ≤ j ≤ 2km with x_1 ∈ C_1(j). Hence (x_1, x_2) ∈ M ∩ C_1(j) × C^l_2 = M^l(j). Now (x_1, x_2) ∈ π_1(M^l(j)) × π_2(M^l(j)) ⊆ H follows immediately. In case x_2 ∈ C^s_2 , we find 1 ≤ j ≤ 2km with x_2 ∈ C^s_2 (j). Now (x_1, x_2) ∈ π_1(M^s(j)) × π_2(M^s(j)) ⊆ H follows, i.e. we showed M ⊆ H ∩ AC. Conversely, we have to show that antichains from π_1(M^l(j)) × π_2(M^l(j)) or from π_1(M^s(j)) × π_2(M^s(j)) belong to M for any 1 ≤ j ≤ 2km. So let 1 ≤ j ≤ 2km and (x_1, x_2), (y_1, y_2) ∈ M^l(j) with x_1 ‖ y_2. We want to show x_1 = y_1 implying (x_1, y_2) = (y_1, y_2) ∈ M. By contradiction assume x_1 ≠ y_1. Since x_1, y_1 ∈ C_1(j), they are comparable. We assume x_1 < y_1 (the case y_1 < x_1 is dual). As remarked earlier, there are more than m elements of C_1 between x_1 and y_1, in particular |x_1 ↑ ∩y_1 ↓ | > m. All elements of this interval are incomparable with y_2 since its endpoints x_1 and y_1 are. Thus we found sets x_1 ↑ ∩y_1↓ and [y_2] both larger than m whose elements are mutually incomparable. Since this contradicts the assumption on the diabolo width of (P, ≤), we obtain x_1 = y_1 and therefore

π_1(M^l(j)) × π_2(M^l(j)) ∩ AC ⊆ M for any 1 ≤ j ≤ 2km.

Finally, let 1 ≤ j ≤ 2km and (x_1, x_2), (y_1, y_2) ∈ M^s(j) with x_1 ‖ y_2. To show x_2 = y_2, we now assume by contradiction x_2 < y_2. Similarly to above, there are at least km elements of C^s_2 in the interval x_2 ↑ ∩y_2↓. Since |[x]| ≤ m for any x ∈ C^s_2 , the chain C^s_2 ∩ x_2 ↑ ∩y_2↓ contains k mutually not ∼-equivalent elements. Hence, by Lemma 3.3, C_1 \ (x_2 ↑ ∩y_2↓) = ∅, contradicting x_1 ∈ C_1 and x_2 ‖ x_1 ‖ y_2. □

Next, we extend the lemma above to relations of higher arity.

Theorem 3.5 Let (P, ≤) be a partial order of diabolo width at most m and let n > 1. Let C_i ⊆ P be chains for 1 ≤ i ≤ n and let M ⊆ ∏ 1≤i≤n Ci ∩ AC. Then M is the intersection of AC with (2m + 2)^n sets of the form ⋂ 1≤a<b≤n

4m(2m+3)^2 ⋃ ℓ=1 [ P^{a−1} × M^{a,b}_ℓ × P^{b−a−2} × N^{a,b}_ℓ × P^{n−b−1} ] (⋆) where M^{a,b}_ℓ , N^{a,b}_ℓ ⊆ P for all suitable a, b and ℓ.

Proof. By Lemma 3.2, we split the chains C_i into 2m + 2 disjoint subchains C_i(j) for 1 ≤ j ≤ 2m such that for any x, y ∈ C_i(j) with x < y the interval ↑x ∩ ↓y contains at least m + 1 elements from P . For ⃗ȷ ∈ {1, 2, . . . , 2m + 2}^n let M_{⃗ȷ} = M ∩ ∏ 1≤i≤n Ci(ji). Then M is the union of the sets M⃗ȷ. Since there

are (2m + 2)^n sets M_{⃗ȷ}, it suffices to show that any such set is the intersection of AC with a set of the form (⋆). Let 1 ≤ a < b ≤ n. Applying Lemma 3.4 to the set π_{a,b}(M_{⃗ȷ}) and the chains C_a(j_a) and C_b(j_b), we obtain the existence of sets M^{a,b}_ℓ ⊆ C_a(j_a) and N^{a,b}_ℓ ⊆ C_b(j_b) for 1 ≤ ℓ ≤ 4m(2m + 3)^2 such that

π_{a,b}(M_{⃗ȷ}) = 4m(2m+3)^2 ⋃ ℓ=1 M^{a,b}_ℓ × N^{a,b}_ℓ ∩ AC. Let H_{⃗ȷ} denote the set of all antichains in ⋂ 1≤a<b≤n

4m(2m+3)^2 ⋃ ℓ=1 [ P^{a−1} × M^{a,b}_ℓ × P^{b−a−2} × N^{a,b}_ℓ × P^{n−b−1} ] .

Note that H_{⃗ȷ} equals the set of all antichains (x_1, x_2, . . . , x_n) ∈ P^n such that (x_a, x_b) ∈ π_{a,b}(M_{⃗ȷ}) for any 1 ≤ a < b ≤ n. Thus, in particular, H_{⃗ȷ} is a subset of ∏ 1≤i≤n Ci(ji) since πa,b(M⃗ȷ) ⊆ Ca(ja) × Cb(jb). Since H⃗ȷ is of the form (⋆), it remains to show that M_{⃗ȷ} = H_{⃗ȷ}.

The inclusion M_{⃗ȷ} ⊆ H_{⃗ȷ} is immediate for any element (x_1, x_2, . . . , x_n) of M_{⃗ȷ} is an antichain satisfying (x_a, x_b) ∈ π_{a,b}(M_{⃗ȷ}) for all suitable a, b.

We show by induction on the size of I ⊆ {1, 2, . . . , n} that π_I (H_{⃗ȷ}) ⊆ π_I (M_{⃗ȷ}) which, for I = {1, 2, . . . , n} establishes the claim and therefore the theorem. If I contains precisely two elements, the inclusion π_I (H_{⃗ȷ}) ⊆ π_I (M_{⃗ȷ}) is immediate by what we said above. Now let I contain at least three elements and assume that π_J (H_{⃗ȷ}) ⊆ π_J (M_{⃗ȷ}) for any proper subset J of I. For notational simplicity, we assume I = {1, 2, . . . , c} for some 3 ≤ c ≤ n. Let (x_1, x_2, . . . , x_c) ∈ π_I (H_{⃗ȷ}). Then, by the induction hypothesis, (x_1, . . . , x_{i−1}, x_{i+1}, . . . , x_c) ∈ π_{I\{i}}(H_{⃗ȷ}) ⊆ π_{I\{i}}(M_{⃗ȷ}) for any 1 ≤ i ≤ c. Hence there are elements x^i ∈ C_i(j_i) such that (x_1, . . . , x_{i−1}, x^i, x_{i+1}, . . . , x_c) ∈ π_I (M_{⃗ȷ}) for any i ∈ I. If for some 1 ≤ i ≤ c we even have x_i = x^i, we thus get immediately (x_1, . . . , x_c) ∈ π_I (M_{⃗ȷ}). Now assume x_i ≠ x^i for all 1 ≤ i ≤ c. Since x_i, x^i ∈ C_i(j_i), they are comparable. Since I contains at least three elements, there are 1 ≤ a < b ≤ c with x_a < x^a and x_b < x^b or with x_a > x^a and x_b > x^b. By symmetry, it suffices to deal with the first case. Recall that x_a ≸ x_b since (x_1, . . . , x_c) (as an element of π_I (H_{⃗ȷ})) is an antichain. Similarly, x^a ≸ x_b and x^b ≸ x_a since (x_1, . . . , x_{a−1}, x^a, x_{a+1}, . . . , x_c) and (x_1, . . . , x_{b−1}, x^b, x_{b+1}, . . . , x_c) are antichains as elements of π_I (M_{⃗ȷ}). Thus x^a and x^b are incomparable for otherwise x^a ≤ x^b implied x_a < x^b. Since {x_a, x^a} and {x_b, x^b} are incomparable sets, so are the intervals x_a ↑ ∩x^a↓ and x_b ↑ ∩x^b↓. Recall that x_a < x^a are both elements of C_a(j_a). Thus, the interval x_a ↑ ∩x^a↓ consists of at least m + 1 elements, and similarly the interval x_b ↑ ∩x^b↓. This contradicts the assumption that (P, ≤) has diabolo width at most m. Therefore, it is impossible that x_i ≠ x^i for all 1 ≤ i ≤ c. This finishes the induction step, i.e. we have indeed π_I (H_{⃗ȷ}) ⊆ π_I (M_{⃗ȷ}). □

The following corollary shows that we can indeed represent any set of antichains in (P, ≤) by some subsets of P . The number of subsets necessary is effectively bounded by the diabolo width of (P, ≤).

Corollary 3.6 Let m ∈ N and n = 2m. Then there exists a natural number ℓ and a monadic formula φ(x_1, . . . , x_n, X_1, X_2, . . . , X_ℓ) such that, for any partially ordered set (P, ≤) of diabolo width at most m and any set R of antichains in P , there are sets M_1, . . . , M_ℓ ⊆ P with R = {{x_1, x_2, . . . , x_n} ⊆ P | (P, ≤) |= φ(x_1, . . . , x_n, M_1, . . . M_ℓ}. Proof. We explain the idea of the formula and leave the technicalities to the interested reader: We are concerned with partially ordered sets of width at most n, only. Hence any element of R contains at most n elements. By Dilworth’ Theorem [Dil50], the partially ordered set (P, ≤) can be covered by n disjoint chains C_1, . . . , C_n. For I ⊆ {1, 2, . . . , n}, let R_I denote the set of all antichains in R that meet a chain C_i iff i ∈ I. In particular, the set R_I contains sets of size |I|, only. Thus, we can identify it with an |I|-ary relation on P such that R_I ⊆ ∏ i∈I C_i. Now, applying Theorem 3.5, we easily construct a formula φ_I with |I| free elementary variables and (2m + 2)^{|I|}n(n − 1)4m(2m + 3)^2 · 2 free set variables such that there exist sets M_i with R_I = {(y_1, . . . , y_{|I|}) | (P, ≤) |= φ_I (y_i, M_i)}. The formula φ is a simple Boolean combination of the formulas φ_I . □

Theorem 3.7 Let P be a set of partially ordered sets and m ∈ N such that any (P, ≤) in P has diabolo width at most m. Then MTh(H_f (P)) can be reduced to MTh(P) in linear time.

Proof. Let φ and ℓ denote the formula and the natural number from Corollary 3.6 and let n = 2m. The reduction r distributes over the boolean connectives and is defined by r(∃xα) = (∃x_1∃x_2 . . . ∃x_nr(α)), r(x ≤ y) = ( ⋀ 1≤i≤n ⋁ 1≤j≤n x_i ≤ y_j), r(∃Mα) = (∃M_1∃M_2 . . . ∃M_ℓr(α)), and r(x ∈ M) = φ(x_1, x_2, . . . , x_n, M_1, M_2, . . . , M_ℓ). We have to show H_f (P, ≤) |= ψ ⇐⇒ (P, ≤) |= r(ψ) for any monadic sentence ψ: Let V be a countable set of individual variables and W that of set variables. We use these variables in monadic formulas that are interpreted over H_f (P, ≤). By V^′ := V × {1, 2, . . . , n} and W^′ := W × {1, 2, . . . , ℓ} we denote the individual and set variables when speaking on the partial orders in P. For simplicity, we abbreviate (x, i) by x_i and similarly (A, j) by A_j for x ∈ V and A ∈ W .

Let (P, ≤) be a partially ordered set in P. With any a ∈ H_f (P, ≤), we associate an n-tuple f^′(a) in P with {f^′(a)_1, f^′(a)_2, . . . , f^′(a)_n} = max(a). Such an n-tuple exists since a is a finitely generated ideal in (P, ≤) implying that it has at most n maximal elements. Furthermore, a = ⋃ 1≤i≤n f ′(a)_i↓. Note that the coordinates of the tuple f^′(a) are incomparable or equal.

Similarly, we find a function g^′ that maps subsets of H_f (P, ≤) to ℓ-tuples of subsets of P as follows: Let M ⊆ H_f (P, ≤) be a set of finitely generated ideals in (P, ≤). By R, we denote the set of all (≤ n)-subsets max(a) of P for some a ∈ M, i.e. R = {max(a) | a ∈ M}. Then R is a set of antichains in the partially ordered set (P, ≤) of diabolo width at most m. Hence, by Corollary 3.6 there exist sets M_1, M_2, . . . , M_ℓ ⊆ P with R = {{x_1, x_2, . . . , x_n} ⊆ P | (P, ≤) |= φ(x_1, . . . , x_n, M_1, . . . M_ℓ}.

For 1 ≤ j ≤ ℓ, let g^′(M)_j := M_j . Then we obtain for any M ⊆ H_f (P, ≤) and any a ∈ H_f (P, ≤): a ∈ M iff (P, ≤) |= φ(f^′(a), g^′(M)). Now let (f, g) be an interpretation of the elementary variables V and the set variables W in H_f (P, ≤), i.e. f : V → H_f (P, ≤) and g : W → 2^{H f (P,≤)}. By f^⋆(x_i) := (f^′ ∘ f(x))_i and g^⋆(M_j ) := (g^′ ∘ g(M))_j for x_i ∈ V^′ and M_j ∈ W^′, we define an interpretation (f^⋆, g^⋆) of V^′ and W^′ in (P, ≤) from (f, g).

To finish the proof, one shows by induction on the monadic formula ψ that H f (P, ≤) |=(f,g) ψ iff (P, ≤) |=(f^⋆,g^⋆) r(ψ). This is an easy exercise which is left to the reader. □

Since undecidable theories cannot be reduced to decidable theories, we obtain as a direct consequence

Corollary 3.8 Let P be a set of partially ordered sets whose diabolo width is bounded such that the monadic theory MTh(P) is decidable. Then the monadic theory MTh(H_f (P)) is decidable as well.

Recall that the elements of (P, ≤) correspond to the join irreducible elements of H_f (P, ≤). Hence it is easily seen that the decidability of MTh(H_f (P)) implies that of MTh(P). To obtain the inverse implication of the corollary above, it remains to show that the monadic theory of H_f (P) can be decidable only in case P has bounded diabolo width.

4 Decidable monadic theory implies bounded diabolo width

By contraposition, we will actually show that the monadic theory of H_f (P) is undecidable whenever the diabolo width of P is unbounded. This will be achieved by reducing the monadic theory of the set of finite two-dimensional grids G to MTh(P). We are even a bit more ambitious and will also consider the monadic antichain and monadic chain theory. In Figure 2, that gives an outline of this section, the arrows denote reductions.

We start with the reductions in the first row, i.e., we first consider the different monadic theories of the set of grids.

4.1 The set of grids

It will be convenient to use the notation m for the set {0, 1, . . . , m − 1} of nonnegative integers properly smaller than m. Let G denote the set of all finite grids,

MTh(G) Lemma 4.2 −−−−−−−−→ MATh(G) Lemma 4.3 −−−−−−−−→ MCTh(G) Lemma 4.6

Lemma 4.8

MATh(H_f (P)) MCTh(H_f (P))

Figure 2: outline

seen as distributive lattices, i.e. the set of all distributive lattices (m, ≤) × (n, ≤) for m, n > 1. Given a Turing machine M, one can effectively formulate a monadic sentence μ which is satisfied by the partially ordered set L = (m × n, ≤) iff the machine stops after m steps using n cells of the tape. Hence μ ∈ MTh(G) iff M does not stop, i.e. the monadic theory of G is undecidable. For this encoding, one has to quantify over arbitrary subsets of the grid. Therefore, the undecidability of the monadic chain and antichain theory of G is not immediate.

The grid graph of dimension (m, n) is the Hasse diagram (m × n, E_{m,n}) of the grid (m × n, ≤). Hence ((i, j), (i^′, j^′)) ∈ E_{m,n} iff i = i^′ and j + 1 = j^′ or i + 1 = i and j = j^′ for any (i, j), (i^′, j^′) ∈ m × n. Let GG denote the set of all structures isomorphic to some grid graph. We first show how a grid graph can be encoded by antichains in a large grid:

Lemma 4.1 Let m, n ∈ N. Then there exist antichains X, E_1, E_2 and an element e in the grid L = ((mn + 1)^2, ≤) such that (X, {(x, y) ∈ X^2 | sup(x, y) ∈ E_1 ∪ E_2 ∧ inf(x, e) ≤ inf(y, e)} ∼= (m × n, E_{m,n}). Proof. First, we define the following sets: X := {(i, mn − i) | 0 ≤ i < mn}, E_1 := {(i, mn − i − 1) | 0 ≤ i < mn, i mod n ≠ n − 1}, and E_2 := {(i, (m − 1)n − i) | 0 ≤ i < (m − 1)n}. Note that these sets are antichains for increasing i increases the first and decreases the second component of any of their elements. Finally, let e := (mn, 1) ∈ J(L). For notational simplicity, let E denote the binary relation

{(x, y) ∈ X^2 | sup(x, y) ∈ E_1 ∪ E_2 ∧ inf(x, e) ≤ inf(y, e)}.

We show that (X, E) and (m × n, E_{m,n}) are isomorphic: Define the bijection f : m × n → X by f(a_1, a_2) := (a_1n + a_2, mn − a_1n − a_2). The following sequence of equivalences establishes that f is a graph isomorphism:

((a_1, a_2), (b_1, b_2)) ∈ E_{m,n}

⇐⇒ a_1 + 1 = b_1 and a_2 = b_2, or

a_1 = b_1 and a_2 + 1 = b_2

⇐⇒ a_1 ≤ b_1 and either

(a_1n + a_2, mn − b_1n − b_2) ∈ E_1, or (a_1n + a_2, mn − b_1n − b_2) ∈ E_2

⇐⇒ inf(f(a_1, a_2), e) = a_1 ≤ b_1 = inf(f(b_1, b_2), e) and

sup(f(a_1, a_2), f(b_1, b_2)) ∈ E_1 ∪ E_2

⇐⇒ (f(a_1, a_2), f(b_1, b_2)) ∈ E. Hence (X, E) ∼= (m × n, E_{m,n}). □

Lemma 4.2 The monadic theory of G can be reduced to the monadic antichain theory of G in linear time.

Proof. Since the grid graph of dimension (m, n) is the Hasse diagram of the grid (m × n, ≤), it suffices to reduce the monadic theory of the set of all grid graphs to the monadic antichain theory of G.

For a monadic sentence φ over the binary relation symbol E, we construct a monadic formula over the vocabulary ≤ as follows: First, we restrict the quantification in φ to the new set variable X. Afterwards, any subformula of the form (x, y) ∈ E is replaced by

sup(x, y) ∈ E_1 ∪ E_2 ∧ inf(x, e) ≤ inf(y, e).

Let φ^′ denote the result of this procedure. Then φ^′ is a monadic formula with free variables contained in {X, E_1, E_2, e}.

Now we describe the reduction of MTh(GG) to MATh(G): It is easily seen that there is a monadic sentence γ such that a graph (X, E) satisfies γ iff it belongs to GG. Let φ be a monadic sentence over the binary relation symbol E. Then define φ := ∀X∀E_1∀E_2∀e((e ∈ J ∧γ^′) → φ^′). We show that φ belongs to MTh(GG) iff φ belongs to MATh(G): First let φ ∈ MTh(GG). Furthermore, let m, n > 1 and L := (m × n, ≤).

Let X, E_1, E_2 ⊆ L be antichains and e ∈ J(L) with (L, ≤) |=_A γ^′(X, E_1, E_2, e). We have to show that (L, ≤) |= φ^′(X, E_1, E_2, e). First, define a binary relation E ⊆ X^2 by (x, y) ∈ E iff sup(x, y) ∈ E_1 ∪ E_2 and inf(x, e) ≤ inf(y, e). By the construction of γ^′ and the fact that (L, ≤) |=_A γ^′(X, E_1, E_2, e), the graph (X, E) satisfies γ, i.e. it is isomorphic to a grid graph. Hence (X, E) |= φ implying (L, ≤) |=_A φ^′(X, E_1, E_2, e) as required.

Conversely, let φ ∈ MATh(G) and let m, n ∈ N. To show (m × n, E_{n,m}) |= φ, we consider the grid L = ((mn + 1)^2, ≤). By Lemma 4.1, there exist antichains X, E_1, E_2 and a join irreducible element e such that (X, E) is isomorphic to (m × n, E_{n,m}) (where E is defined as above). Hence (X, E) |= γ. By the construction of E and of γ^′, this implies L |=_A γ^′(X, E_1, E_2, e) and therefore L |=_A φ^′(X, E_1, E_2, e). By the same argument, (X, E) |= φ, i.e. φ ∈ MTh(GG). □

Next, we reduce the monadic antichain theory of G to the monadic chain theory of G. The basic idea is depicted in Figure 3: It shows the set 3 × 4. On this set, we consider two orders: first the natural order ≤, i.e., the componentwise order. The second order ⊑ in consideration is obtained by inverting the order on 4 and then considering the componentwise order. Then elements incomparable w.r.t. ⊑ are comparable w.r.t. ≤ which is the basis for our transformation of antichains into chains. Unfortunately, the inverse does not hold (consider, e.g., (0, 0) and (1, 0)). Hence, we do not have (m × n, ≤) |=_C φ iff (m × n, ⊑) |=_A φ. Therefore, we have to invest slightly more work to reduce the monadic antichain theory to the monadic chain theory.

≤

⊑ Figure 3: The set 3 × 4

More formally, our reduction rests on the following definition: Let n, m > 1 and L := (m×n, ≤). Then e := (1, m) and e := (n, 1) are maximal join irreducible and incomparable elements of L. We define a partial order ⊑ on L by x ⊑ y iff inf(x, e) ≤ inf(y, e) and inf(x, e) ≥ inf(y, e). For x = (x_1, x_2) and y = (y_1, y_2), it holds inf(x, e) = x_2 and inf(x, e) = x_1. Hence x ⊑ y iff x_2 ≤ y_2 and x_1 ≥ y_1. In other words, (m × n, ⊑) equals (m, ≥) × (n, ≤) and is therefore isomorphic to L. Now let x and y be incomparable with respect to ⊑. Then x_1 < y_1 and x_2 < y_2 or vice versa. In particular x ≤ y or y ≤ x. Hence antichains in (m × n, ⊑) are chains in (m × n, ≤) (the converse implication does not hold).

Lemma 4.3 The monadic antichain theory MATh(G) can be reduced in linear time to the monadic chain theory MCTh(G).

Proof. Let φ be a monadic formula not containing the variables e and e. In φ, replace any atomic formula x ≤ y by inf(x, e) ≤ inf(y, e) ∧ inf(x, e) ≥ inf(y, e) and replace any subformula of the form ∃Xψ by ∃X(antichain_⊑(X) ∧ ψ) where antichain_⊑(X) denotes the formula ∀x, y((x, y ∈ X ∧ inf(x, e) ≤ inf(y, e)) → inf(x, e) ≤ inf(y, e)). The subformula antichain_⊑(X) is satisfied by a set X iff its elements are mutually incomparable with respect to ⊑. Denote the result of these replacements by φ^′.

Let m, n ≥ 1, e = (1, m) and e = (n, 1). As a prerequisite, we show that (m×n, ⊑) |=_A φ iff (m×n, ≤) |=_C φ^′ by induction: Clearly, (m×n, ⊑) |=_A x ≤ y iff x ⊑ y iff (m × n, ≤) |=_C inf(x, e) ≤ inf(y, e) ∧ inf(x, e) ≥ inf(y, e) which equals (x ≤ y)^′. Now let φ_i (i = 1, 2) be monadic formulas such that for any antichains X_i w.r.t. ⊑ and elements x_j : (m × n, ⊑) |=_A φ_i(X_1, . . . , X_k, x_1, . . . , x_ℓ) ⇐⇒ (m × n, ≤) |=_C φ^′_i(X_1, . . . , X_k, x_1, . . . , x_ℓ). It is straightforward to check that this equivalence holds for ¬φ_1, φ_1 ∧ φ_2 and for ∃x_ℓφ_1, too. The only nontrivial case in the induction is the formula φ = ∃X_kφ_1: So let X_i ⊆ m × n be antichains w.r.t. ⊑ for 1 ≤ i < k and let x_j ∈ m × n. Then (m × n, ⊑) |=_A φ(X_1, . . . , X_{k−1}, x_1, . . . , x_ℓ) iff there exists an antichain X_k w.r.t. ⊑ such that (m × n, ⊑) |=_A φ_1(X_1, . . . , X_k, x_1, . . . , x_ℓ). By the induction hypothesis, this is equivalent to (m×n, ≤) |=_C φ^′_1(X_1, . . . , X_k, x_1, . . . , x_ℓ). By the remarks preceding this lemma, X_k is a chain w.r.t. ≤. Hence the last statement is equivalent to (m×n, ≤) |=_C (∃X_k(antichain_⊑(X_k)∧φ^′_1))(X_1, . . . , X_{k−1}, x_1, . . . , x_ℓ) which equals φ^′.

Now it is straightforward to show that for a monadic sentence φ it holds (m × n, ≤) |=_A φ iff (m × n, ≤) |=_C ∃e, e(e, e ∈ max(J) ∧ e ≠ e ∧ φ^′) (where J denotes the set of join irreducible elements) which is the desired reduction. □

So far, we showed that the monadic theory of G can be reduced to its monadic chain and antichain theory. Hence these two theories are undeciable.

4.2 Sets of unbounded diabolo width

Next, we show the reductions from MATh(G) and MCTh(G) to MATh(H_f (P)) and MCTh(H_f (P)), resp., for P a set of partial orders of unbounded diabolo width. Before considering these reductions, we show that H_f (P, ≤) contains a large grid whenever the diabolo width of (P, ≤) is large:

Lemma 4.4 Let (P, ≤) be a partially ordered set of diabolo width at least m. Then there exists a semilattice embedding of m × m into (H_f (P ), ⊆). If (P, ≤) is finite, this embedding can be chosen to preserve infima, too.

Proof. There exist X, Y ⊆ P sets with m elements each such that any x ∈ X is incomparable with any y ∈ Y . Let X = {x_0, x_1 . . . , x_{m−1}} and Y = {y_0, y_1 . . . , y_{m−1}} be linear extensions of (X, ≤) and (Y, ≤), i.e. x_i ≤ x_j or y_i ≤ y_j implies i ≤ j. Then I(i, j) := ↓{x_1, . . . , x_i, y_1, . . . , y_j} is a finitely generated ideal and therefore an element of H_f (P, ≤). Furthermore, ({I(i, j) | i ∈ m − 1, j ∈ m − 1}, ⊆) is the desired subposet of H_f (P, ≤). □

Next we show that large grids do not only exist, but can also be defined in monadic antichain logic:

Lemma 4.5 There exists a monadic formula γ(A, b, x) such that for any partially ordered set (P, ≤) the following hold:

1. for any antichain A ⊆ H_f (P, ≤) and any b ∈ A, the set {x ∈ H_f (P, ≤) | H f (P, ≤) |=A γ(A, b, x)} is a grid, and 2. for any n ∈ N and any semilattice-embedding f : (2n + 1)^2 → H_f (P, ≤), there exist an antichain A ⊆ H_f (P, ≤) and an element b ∈ A such that {x ∈ H_f (P, ≤) | H_f (P, ≤) |=_A γ(A, b, x)} = {f(n + i, n + j) | i, j ∈ n}. Proof. Let (P, ≤) be a partially ordered set, A ⊆ P an antichain and a ∈ A. On A, we define a binary relation R_a by (x, y) ∈ R_a iff x ∨ a ≤ y ∨ a. There is a monadic formula φ with free variables A and a such that (P, ≤) |=_A φ(A, a) iff

(A) (A, R_a) is a finite linear order, and

(B) for any x, y, x^′, y^′ ∈ A with (x, y), (x^′, y^′) ∈ R_a we have x ∨ y ≤ x^′ ∨ y^′ ⇐⇒ (x, x^′), (y^′, y) ∈ R_a. Now let γ be the formula γ(A, b, x) = b = x ∨ ∃a ∈ A(φ(A, a) ∧ ∃a_1, a_2 ∈ A(b ≤ x = sup(a_1, a_2)).

We show the first statement: Let G = {x ∈ H_f (P, ≤) | H_f (P, ≤) |=_A γ(A, b, x)}. If there is no a ∈ A satisfying φ, G = {b} which is clearly a grid. So assume a ∈ A satisfies φ. Let {a_0, a_1, . . . , a_k} be the enumeration of A with (a_i, a_{i+1}) ∈ R_a. Furthermore, let b = a_m. Now define f(i, j) = sup(a_{m−1}, a_{m+j} ) for (i, j) ∈ m + 1 × k − m + 1. We show that this function an order isomorphism from (m + 1×k − m + 1, ≤) onto G: Let (i, j), (i^′, j^′) ∈ m + 1×k − m + 1. Then (i, j) ≤ (i^′, j^′) iff a_{m−i}′ R_aa_{m−i} and a_{m+j} R_aa_{m+j}′ . Since m − i ≤ m + j, we have in addition a_{m−i}R_aa_{m+j} . Hence we can apply (B) and obtain that the last statement is equivalent to sup(a_{m−i}, a_{m+j} ) ≤ sup(a_{m−i}′ , a_{m+j}′ ), i.e., to f(i, j) ≤ f(i^′, j^′). Thus, f is an order embedding into H_f (P, ≤). Next, we show that its image is G: For (i, j) ∈ m + 1 × k − m + 1, we have a_{m−i}R_ab = a_mR_aa_{m+j} implying (by (B)) b ≤ sup(a_{m−i}, a_{m+j} ) = f(i, j) which therefore belongs to G. Converselly, let x = sup(a_s, a_t) ∈ G. Then (B) implies s ≤ m ≤ t ensuring x = f(m − s, t − m). Thus, f is indeed an order isomorphism onto G, i.e., G is a grid.

Next, we prove the second statement: Let A = {f(i, 2n − i) | i ∈ 2n}, a = f(0, 2n), and b = f(n, n). Then f(i, 2n) = sup(a, f(i, 2n − i)) ≤ sup(a, f(j, 2n − j)) = f(j, 2n) iff i ≤ j. Hence the finite antichain (A, ≤) is linearly ordered by the relation R_a, i.e., (A) holds. Next, let i, j, i^′, j^′ ∈ 2n with i ≤ j and i^′ ≤ j^′. Then sup(f(i, 2n − i), f(j, 2n − j)) ≤ sup(f(i^′, 2n − i^′), f(j^′, 2n − j^′)) iff max(i, j) ≤ max(i^′, j^′) and min(i, j) ≥ min(i^′, j^′). Since i ≤ j and i^′ ≤ j^′, this is equivalent to i^′ ≤ i and j ≤ j^′, i.e., we showed (B). Since φ(A, a) is satisfied, sup(a_1, a_2) = x satisfies γ(A, b, x) iff x ≥ b for a_1, a_2 ∈ A. Since b = f(n, n), this is equivalent to x ∈ {f(n + i, n + j) | i, j ∈ n}. □

This lemma enables us to show that indeed the monadic antichain theory of the grids G can be reduced to the monadic antichain theory of H_f (P) whenever P has unbounded diabolo width.

Lemma 4.6 Let P be a set of partially ordered sets such that the diabolo width of its members is not bounded above. Then the monadic antichain theory MATh(G) can be reduced to the monadic antichain theory MATh(H_f (P)).

Proof. For a monadic sentence ψ, let r(ψ) denote the sentence ∀A∀b(b ∈ A → ψ^′) where ψ^′ is the restriction of ψ to those elements x that satatisfy γ(A, b, x) (cf. Lemma 4.5). By the preceding lemma, these elements form a grid, i.e., ψ ∈ MATh(G) implies r(ψ) ∈ MATh(H_f (P)). Converselly, let r(ψ) ∈ MATh(H_f (P)) and let n ∈ N. Then there exists (P, ≤) ∈ P such that the grid (2n^2, ≤) can be embedded into H_f (P, ≤). Hence H_f (P, ≤) contains an antichain A and an element b such that {x ∈ H_f (P, ≤) | H_f (P, ≤) |= γ(A, b, x)} is isomorphic to (n^2, ≤). Since r(ψ) ∈ MATh(H_f (P)), we get H_f (P, ≤) |=_A ψ^′ and therefore ψ ∈ MATh(G). □

To show that also the monadic chain theory of the set of grids can be reduced to the monadic chain theory of H_f (P), we proceed similarly to above: First, it is shown that large grids can be defined in the monadic chain logic, and then we prove that this yields the desired reduction:

Lemma 4.7 There exists a monadic formula γ(C_1, C_2) such that for any partially ordered set (P, ≤) the following hold:

1. for any chains C_1, C_2 ⊆ H_f (P, ≤) such that H_f (P, ≤) |=_C γ(C_1, C_2), the set {sup(x, y) | x ∈ C_1, y ∈ C_2} is a grid, and

2. for any grid G ⊆ H_f (P, le), there exist chains C_1, C_2 ∈ H_f (P, ≤) such that H_f (P, ≤) |=_C γ(C_1, C_2) and the set {sup(x, y) | x ∈ C_1, y ∈ C_2} is isomorphic to G.

Proof. The formula γ asserts that C_1 and C_2 are finite chains, min(C_1) = min(C_2), the elements from C_1 \ {min(C_1)} are incomparable with the elements from C_2 \ {min(C_2)}, and sup(x_1, x_2) ≤ sup(y_1, y_2) iff x_1 ≤ y_1 and x_2 ≤ y_2 for any x_i, y_i ∈ C_i.

Let f : (m × n, ≤) → H_f (P, ≤) be a semilattice embedding. Then define C_1 = {f(i, 0) | 0 ≤ i < m} and C_2 = {f(0, i) |) ≤ i < n}. Then C_1 and C_2 are finite chains, min(C_1) = min(C_2), and the elements from C_1 \ {min(C_1)} are incomparable with the elements from C_2 \ {min(C_2)}. To see that sup(x_1, x_2) ≤ sup(y_1, y_2) iff x_1 ≤ y_1 and x_2 ≤ y_2, note that sup(f(i_1, 0), f(0, i_2)) = f(i_1, i_2). Hence sup(f(i_1, 0), f(0, i_2)) ≤ sup(f(j_1, 0), f(0, j_2)) iff i_1 ≤ j_1 and i_2 ≤ j_2, i.e., iff f(i_1, 0) ≤ f(j_1, 0) and f(0, i_2) ≤ f(0, j_2). Hence the chains C_1 and C_2 satisfy γ. Furthermore, the set {sup(x, y) | x ∈ C_1, y ∈ C_2} is the image of f and therefore isomorphic to the grid of dimension (m, n). This proves the second statement.

To prove the first statement, let C_1 = {f(0, 0), f(1, 0), . . . , f(m, 0)}) and C_2 = {f(0, 0), f(0, 1) . . . , f(0, n)} be finite chains satisfying γ. We can assume f(0, i) ≤ f(0, i + 1) and f(j, 0) ≤ f(j + 1, 0) for all suitable i and j. We show that f : m × n → H_f (P, ≤) defined by f(i, j) = sup(f(i, 0), f(0, j)) is a semilattice embedding; for this it actually suffices to show that it is an order embedding: Note that f(i, j) ≤ f(i^′, j^′) iff f(i, 0) ≤ f(i^′, 0) and f(0, j) ≤ f(0, j^′) by the last requirement expressed by γ. Hence, indeed, f is an order embedding. □

Lemma 4.8 Let P be a set of partially ordered sets such that the diabolo width of its members is not bounded above. Then the monadic chain theory MCTh(G) can be reduced to the monadic chain theory MCTh(H_f (P)).

Proof. The reduction is given by r(ψ) = ∀C_1, C_2(γ(C_1, C_2) → ψ^′) where ψ^′ is the reduction of ψ to the set of suprema of elements of C_1 and C_2. The proof now proceeds similarly to the proof of Lemma 4.6. □

Recall that Theorem 2.1 characterized those classes of partial orders P for which H_f (P) has a decidable elementary theory. Now we can extend this to the monadic, the monadic chain, and the monadic antichain theory:

Theorem 4.9 Let P be a set of partially ordered sets.

1. The following are equivalent:

(i) The monadic theory MTh(H_f (P)) is decidable. (ii) The monadic chain theory MCTh(H_f (P)) is decidable. (iii) the monadic theory MTh(P) is decidable and the diabolo width of the elements of P is bounded above.

(iv) the monadic chain theory MCTh(P) is decidable and the diabolo width of the elements of P is bounded above.

2. The monadic antichain theory MATh(H_f (P)) is decidable if and only if the elementary theory Th(P) is decidable and the diabolo width of the elements of P is bounded above.

Proof. The implication (i)⇒(ii) is trivial. Now assume MCTh(H_f (P)) to be decidable. Next we show the implication (ii)⇒(iv): The monadic chain theory MCTh(P) is decidable since it can be interpreted in the monadic chain theory of H_f (P). By contradiction, assume that the diabolo width of the elements of P is unbounded. By Lemmas 4.2, 4.3, and 4.8 (cf. Figure 2), the monadic theory of the grids MTh(G) can be reduced to the monadic chain theory of H_f (P), contradicting the decidability of this latter theory.

For the implication (iv) ⇒ (iii) note that the width of the elements of P is bounded by n, say. Hence any subset of P with (P, ≤) ∈ P is the union n chains. Therefore, the monadic theory of P can be reduced to the monadic chain theory of P. Hence (iii) holds. The last implication (iii) ⇒ (i) follows from Theorem 3.7.

It remains to show the second statement: Suppose MATh(H_f (P)) is decidable. Then, trivially, Th(H_f (P)) and therefore Th(P) are decidable. The diabolo with of the elements of P is bounded above by Lemmas 4.2 and 4.6. Thus, we showed one implication.

Conversely, let the diabolo width of the elements of P be bounded by n and let Th(P) be decidable. Since then the width of the elements of P is bounded by 2n, the elementary theory Th(H_f (P)) is decidable by Corollary 2.2. By Lemma

4.4, the width of the elements of H_f (P) is bounded above by some m ∈ N. Hence any antichain contains at most m elements implying that MATh(H_f (P)) can be reduced to Th(H_f (P)). Hence the monadic antichain theory MATh(H_f (P)) is decidable. □

5 Finite distributive lattices

In this section, we will characterize those classes of finite distributive lattices whose elementary, monadic, monadic chain, and monadic antichain theory are decidable. Before we can actually prove this characterization, we need Ramsey’s theorem and Lemma 5.1.

Ramsey’s Theorem [Ram30] Let c, r be positive integers. Then there is a positive integer R_r(c) such that for any mapping d of the two-elements subsets of R_r(c) into c there exists an r-elements subset A ⊆ R_r(c) such that we have d(B) = d(C) for any two-elements subsets B and C of A.

Lemma 5.1 Let (L, ≤) be a distributive lattice with w(L) ≥ R_{n+1}(6^n) and (L, ≤ ) ∼= H_f (J(L, ≤)). Then there exists a lattice embedding of (n − 1)^2 into (L, ≤).

Proof. First we consider the case w(J(L)) ≥ 2n. Then there exists an antichain A ⊆ J(L) containing 2n elements. Let M and N be disjoint subsets of A of size n. Then Lemma 4.4 implies the statement.

Now assume w(J(L)) = k < 2n. By Dilworth’s Theorem [Dil50], there are chains C_1, C_2, . . . , C_k ⊆ J(L) with J(L) = ⋃ i=1,...k Ci. For x ∈ L and 1 ≤ ℓ ≤ k let ∂_ℓ(x) denote the maximal element of C_ℓ below x if it exists, and ⊥ otherwise. To ease the notations in this proof, we will consider ⊥ as an additional element of J(L) which is minimal. Since L is distributive, x = ⋁ 1≤i≤k ∂i(x) for any x ∈ L. Since w(L) ≥ R_{n+1}(6^n), there is an antichain A = {x_1, x_2, . . . , x_m} in L with m ≥ R_{n+1}(6^n). Now we define a mapping g_{i,j} : {1, 2, . . . , k} → {<, =, >} for 1 ≤ i < j ≤ m by g_{i,j}(ℓ) = θ iff ∂_ℓ(x_i)θ∂_ℓ(x_j ) (with θ ∈ {<, =, >}). For x_i ≠ x_j , we define g(x_i, x_j) = g_{min{i,j},max{i,j}}. Thus, g maps the two-elements subsets of A into {<, =, >}^{{1,2,...,k}}. Since this set contains at most 3^{2n} = 6^n elements and since m > R_{n+1}(6^n), we can assume g(x_i, x_j ) = g(x_i′ , x_j′ ) =: f for i, j, i^′, j^′ ∈ {1, 2, . . . , n + 1} with i ≠ j and i^′ ≠ j^′. Then f(ℓ_1) ≠“=” for some 1 ≤ ℓ_1 ≤ k since otherwise x_1 = x_2. Similarly, there is an index 1 ≤ ℓ_2 ≤ k with f(ℓ_2) ∉ {=, f(ℓ_1)} since otherwise x_1 and x_2 are comparable. Without loss of generality, we assume f(1) =“<” and f(2) =“>”. Then ∂_1(x_1) < ∂_1(x_2) < . . . ∂_1(x_{n+1}) and ∂_2(x_1) > ∂_2(x_2) > . . . ∂_2(x_{n+1}). Thus, C_j := {∂_j(x_i) | 1 < i < n + 1} for j = 1, 2 is a chain in J(L) containing n − 1 elements.

Let 1 < i < n + 1 with ∂_1(x_i) ≥ ∂_2(x_i). Then x_{i+1} ≥ ∂_1(x_{i+1}) > ∂_1(x_i) ≥ ∂_2(x_i) > ∂_2(x_{i+1}) and ∂_2(x_i), ∂_2(x_{i+1}) ∈ C_2. But this contradicts the definition of ∂_2(x_{i+1}) as the maximal element of C_2 below x_{i+1}. Symmetrically, we can argue if ∂_1(x_i) ≤ ∂_2(x_i) (with x_{i−1} in place of x_{i+1}). Thus, ∂_1(x_i) and ∂_2(x_i) are incomparable for 1 < i < n + 1.

Now let 1 < i < j < n + 1 with ∂_1(x_j ) ≥ ∂_2(x_i). Then ∂_2(x_i) > ∂_2(x_j ) since i < j, i.e. ∂_1(x_j ) > ∂_2(x_j ), a contradiction to what we showed above. Similarly, we can argue in the cases ∂_1(x_j ) ≤ ∂_2(x_i), ∂_1(x_i) ≥ ∂_2(x_j) and ∂_1(x_i) ≤ ∂_2(x_j ).

Thus, we found two chains C_1 and C_2 in J(L) of size n − 1 whose elements are mutually incomparable. Now Lemma 4.4 implies that n − 1 × n − 1 can be lattice embedded into (H (J(L)), ⊆) ∼= L. □

Corollary 5.2 Let L be a set of distributive lattices (L, ≤) satifying (L, ≤) ∼= H f (J(L, ≤)). 1. The elementary theory of L is decidable iff the weak monadic antichain theory of J(L) is decidable.

2. The following are equivalent:

(i) The monadic theory MTh(L) is decidable. (ii) The monadic chain theory MCTh(L) is decidable.

(iii) the monadic theory MTh(J(L)) is decidable and the width of the elements of L is bounded above.

(iv) the monadic chain theory MCTh(J(L)) is decidable and the width of the elements of L is bounded above.

3. The monadic antichain theory MATh(L) is decidable if and only if the elementary theory Th(J(L)) is decidable and the width of the elements of L is bounded above.

Proof. Since H_f (J(L)) = L, the first statement follows immediately from Theorem 2.1. To derive the second statement from Theorem 4.9, it remains to show that the width of the elements of L is bounded if and only if the diabolo width of the elements of J(L) is bounded.

Suppose the width of the elements of L is bounded, but the diabolo width J(L) is unbounded. By Lemma 4.4, the unbounded diabolo width implies the embeddability of arbitrary large grids, i.e. an unbounded width. Hence, indeed, a bounded width of L implies a bounded diabolo width of J(L).

To show the other implication assume dw(J(L, ≤)) < n − 2 for any lattice (L, ≤) ∈ L. By contradiction, suppose that the width of the elements of L is unbounded. Then there exists (L, ≤) in L such that w(L, ≤) ≥ R_{n+1}(6^n). By Lemma 5.1, there exists a lattice embedding η : (n − 1)^2 → L. Let A := J(L) ∩ ↓η(1, n − 1) and B := J(L) ∩ ↓η(n − 1, 1). Since the elements η(1, i) and η(j, 1) are pairwise incomparable for i, j > 1, A \ B and B \ A both contain at least n − 2 elements. Furthermore, these two sets are incomparable. Hence the diabolo width of J(L, ≤) is at least n − 2, a contradiction. □

Our next aim is to show that the set of finite distributive lattices of width at most n has a decidable monadic second order theory. To this purpose, we show that their Hasse-diagrams have bounded tree width that we define next; this notion was introduced by Robertson and Seymour in their study of graph minors, it is useful in our context since the monadic theory of the sets of directed graphs of bounded tree width is decidable [Cou89]

An undirected graph (T, K) is a tree if for any s, t ∈ T , there is a unique path connecting s and t. Now let (V, E) be a finite directed graph and n ∈ N. Then (V, E) has tree-width at most n if there exists a tree (T, K) and a mapping ψ : T → 2^V such that

1. for any (x, y) ∈ E, there is t ∈ T with x, y ∈ ψ(T ),

2. for any s, t, u ∈ T such that t is on the path connecting s and u, we have ψ(s) ∩ ψ(u) ⊆ ψ(t), 3. ⋃ s∈T ψ(i) = V , and 4. |ψ(t)| < n for any t ∈ T .

Theorem 5.3 Let n ∈ N and let L be the set of all finite distributive lattices of width at most n. Then MTh(L) is decidable.

Proof. In view of Courcelle’s result [Cou89], is suffices to show that any lattice (L, ≤) of width at most n has tree width at most 2n.

Let m denote the length of L. The tree (T, K) that we construct is (the Hasse diagram of) the linear order on {1, 2, . . . , m}. Let ψ(i) be the set of all vertices in (L, ≤) of height i − 1 or i.

Now let x, y ∈ L with x −−< y. Then, since L is distributive, h(y) − h(x) = 1, i.e. x, y ∈ ψ(h(y)). Hence the first property is satisfied. For the second note that ψ(i) ∩ ψ(k) = ∅ whenever there is i < j < k. Hence it is trivially satisfied. Similarly, the third requirement holds trivially. Finally, ψ(i) consists of two antichains. Since the size of these antichains is bounded by n, the last requirement |ψ(i)| ≤ 2n follows. □

Now let L_1 and L_2 be sets of distributive lattices. Suppose that the elementary theories of L_1 and L_2 are decidable. Then, as an easy consequence of the Feferman-Vaught Theorem [FV59], the set of direct products of lattices from L_1 and lattices from L_2 has a decidable elementary theory. Next, we want to characterize when this set has a decidable monadic (chain, antichain) theory:

Corollary 5.4 Let L_1 and L_2 be sets of finite distributive lattices satisfying (L, ≤) ∼= H_f (J(L, ≤). Define L := {(L_1, ≤) × (L_2, ≤) | (L_i, ≤) ∈ L_i}. If MTh(L_i) (MATh(L_i), MCTh(L_i), resp.) is decidable, then MTh(L) (MATh(L), MCTh(L), resp.) is decidable iff L_1 or L_2 is a finite set of finite lattices.

Proof. We give the proof for the monadic theories, only. The other cases can be handled similarly. If both L_1 and L_2 are infinite, we find for any n ∈ N lattices (L_1, ≤) ∈ L_1 and (L_2, ≤) ∈ L_2 of length at least n. Then the width of the direct product (L_1, ≤) × (L_2, ≤) is at least n, i.e. the width of the lattices in L is not bounded. Hence MTh(L) is undecidable by Corollary 5.2.

Conversely let L_1 be a finite set of finite lattices. Then there is n ∈ N with |L_1| ≤ n for any lattice (L_1, ≤) ∈ L_1. Since MTh(L_2) is decidable, we can assume w(L_2) ≤ n. Note that the width w(L_1 × L_2, ≤) is at most |L_1| · w(L_2, ≤) for any finite distributive lattices (L_1, ≤) and (L_2, ≤). Hence w(L) ≤ n^2. It remains to show that J(L) has a decidable monadic theory: For distributive lattices (L_1, ≤) and (L_2, ≤), one has J(L_1 × L_2, ≤) = J(L_1, ≤) ˙∪ J(L_2, ≤). Thus, we have to show that the monadic theory of {(P_1, ≤) ˙∪(P_2, ≤) | (P_i, ≤) ∈ J(L_i)} is decidable. This follows from the composition theorem from Shelah [She75, Theorem 2.4] (cf. [Gur85] for the proof of this result) since MTh(J(L_i)) is decidable. □

Note that in the corollary above we assumed from the very beginning that MTh(L_i) is decidable for i = 1, 2. Actually, the finiteness of L_1 or L_2 follows without this assumption from the decidability of MTh(L). We finish this section with an example of classes L_1, L_2 and L as in the corollary above such that L_1 is finite, L has a decidable monadic theory but the monadic theory of L_2 is undecidable:

Example 5.5 For simplicity, let 2 denote the Boolean lattice ({1, 2}, ≤). Let L_1 consist of the lattices 2^i for 0 ≤ i ≤ 2 (i.e. L_1 contains the one-point-lattice, the Boolean lattice and the diamond). Let Lin denote the set of finite linear orders and let P ⊆ Lin be an undecidable set of linear orders. We define a set of finite distributive lattices L_2 ⊆ {2^i × (L, ≤) | 0 ≤ i ≤ 2, (L, ≤) ∈ Lin} by 2^i × (L, ≤) ∈ L_2 iff

1. i ∈ {0, 2} and (L, ≤) ∈ Lin, or

2. i = 1 and (L, ≤) ∈ P.

Then L_2 is a set of finite distributive lattices. It is undecidable since the subset of L_2 of lattices of width 2 corresponds to P which was chosen to be undecidable. Hence, in particular, L_2 has an undecidable monadic theory. It is straightforward to show that the set of direct products of lattices from L_1 and L_2 equals the set {2^i × (L, ≤) | 1 ≤ i ≤ 5, (L, ≤) ∈ Lin} = L. Since Lin has a decidable monadic theory, we can apply the corollary above and obtain that MTh(L) is decidable.

References

[Bir40] G. Birkhoff. Lattice Theory. Colloquium Publications vol. 25. American Mathematical Society, Providence, 1940. Page numbers refer to the third edition, seventh printing from 1993.

[Cou89] B. Courcelle. The monadic second order logic of graphs II: Infinite graphs of bounded width. Math. Systems Theory, 21:187–221, 1989.

[Dil50] R.P. Dilworth. A decomposition theorem for partially ordered sets.

Annals of Mathematics, 51:161–166, 1950.

[Don65] J. Doner. Decidability of the weak second-order theory of two successors, 1965.

[FV59] S. Feferman and R.L. Vaught. The first order properties of algebraic systems. Fund. Math., 47:57–103, 1959.

[Gur83] Y. Gurevich. Decision problem for separated distributive lattices. J. of Symb. Logic, 48:193–196, 1983.

[Gur85] Y. Gurevich. Monadic second-order theories. In J. Barwise and S. Feferman, editors, Model-Theoretic Logics, pages 479–506. Springer, 1985.

[Lac68] A.H. Lachlan. The elementary theory of recursively enumerable sets.

Duke Mathematical Journal, 35:123–146, 1968.

[Ram30] F.P. Ramsey. On a problem of formal logic. Proc. London Math. Soc., 30:264–286, 1930.

[She75] S. Shelah. The monadic theory of order. Annals of Mathematics, 102:379–419, 1975.

[Tho78] W. Thomas. The theory of successor with an extra predicate. Math.

Ann., 237:121–132, 1978.